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Abstract

This paper introduces a bootstrap-based inference method for functions of the parameter vector in a
moment (in)equality model. As a special case, our method yields marginal confidence sets for individual
coordinates of this parameter vector. Our inference method controls asymptotic size uniformly over a
large class of data distributions. The current literature describes only two other procedures that deliver
uniform size control for this type of problem: projection-based and subsampling inference. Relative to
projection-based procedures, our method presents three advantages: (i) it weakly dominates in terms
of finite sample power, (ii) it strictly dominates in terms of asymptotic power, and (iii) it is typically
less computationally demanding. Relative to subsampling, our method presents two advantages: (i) it
strictly dominates in terms of asymptotic power (for reasonable choices of subsample size), and (ii) it
appears to be less sensitive to the choice of its tuning parameter than subsampling is to the choice of

subsample size.

KEYwWORDS: Partial Identification, Moment Inequalities, Subvector Inference, Hypothesis Testing.

JEL CurassiFicATION: CO01, C12, C15.

*We thank Francesca Molinari, Elie Tamer, the participants at the Workshop on Inference in Nonstandard Problems at
Cornell University, the Workshop on Mathematical Statistics of Partially Identified at Oberwolfach, the conference on Partial
Identification, Weak Identification, and Related Econometric Problems at Cowles Fundation, the First Conference in Economet-
ric Theory at Universidad de San Andrés, Argentina, the workshop on Recent Developments in Partial Identification: Theory
and Practice at Toulouse, the UCLA mini conference in Econometrics, and seminar participants at Brown, Northwestern, Uni-
versity of Maryland and Korea University for helpful comments. Bugni and Canay thank the National Science Foundation for
research support via grants SES-1123771 and SES-1123586, respectively. Takuya Ura provided excellent research assistance.
Any and all errors are our own.


mailto:federico.bugni@duke.edu
mailto:iacanay@northwestern.edu
mailto:xshi@ssc.wisc.edu

1 Introduction

In recent years, substantial interest has been drawn to partially identified models defined by moment

(in)equalities of the following generic form,

Eplm;j(W;,0)] >0for j=1,...,p,
Ep[m;(W;,8)] =0for j=p+1,...,k, (1.1)

where {W;}? , is an i.i.d. sequence of random variables with distribution F and m = (mq,---,my) :
R% x © — R* is a known measurable function of the finite dimensional parameter vector § € @ C R%.
Methods to conduct inference on 6 have been proposed, for example, by Chernozhukov et al. (2007), Romano
and Shaikh (2008), Andrews and Guggenberger (2009), and Andrews and Soares (2010).} As a common
feature, these papers construct joint confidence sets (CS’s) for the vector 6 by inverting hypothesis tests for
Hy : 60 = 0y versus Hy : 0 # 6. However, in empirical work, researchers often report marginal confidence
intervals for each coordinate of @, either to follow the tradition of standard t-test-based inference or because
only few individual coordinates of 6 are of interest. The current practice appears to be reporting projections

of the joint CS’s for the vector 0, e.g., Ciliberto and Tamer (2010) and Grieco (2013).

Although convenient, projecting joint CS’s suffers from three problems. First, when interest lies in
individual components of , projection methods are typically conservative (even asymptotically). This may
lead to confidence intervals that are unnecessarily wide, a problem that gets exacerbated when the dimension
of 6 becomes reasonably large. Second, the projected confidence intervals do not necessarily inherit the
good asymptotic power properties of the joint CS’s. Yet, the available results in the literature are mostly
limited to asymptotic properties of joint CS’s. Finally, computing the projections of a joint CS is typically
unnecessarily burdensome if the researcher is only interested in individual components. This is because one
needs to compute the joint CS first, which itself requires searching over a potentially large dimensional space
© for all the points not rejected by a hypothesis test.

In this paper, we address the practical need for marginal CS’s by proposing a test to conduct inference
directly on individual coordinates, or more generally, on a function f : © — R% of the parameter vector 6.
The hypothesis testing problem is

H() : f(@) =% VS. H1 : f(0) 7& Yo (12)

for a hypothetical value 7o € R%. We then construct a CS for f(6) by exploiting the well-known duality
between tests and CS’s. Our test controls asymptotic size uniformly over a large class of data distributions
(see Theorem 2.1) and has several attractive properties for practitioners: (i) it has finite sample power that
weakly dominates that of projection-based tests for all alternative hypothesis (see Theorem 3.1), (ii) it has an
asymptotic power that strictly dominates the one from projection-based tests under reasonable assumptions
(see Remark 3.3), and (iii) it is less computationally demanding that projection-based tests whenever the
function f(-) introduces dimension reduction, i.e., d, << dy.? In addition, one corollary of our analysis is

that our marginal CS’s are always a subset of those constructed by projecting joint CS’s (see Remark 3.1).

Leaving projection-based inference aside, there is another inference procedure that also addresses the
hypothesis testing problem in (1.2): the subsampling method proposed by Romano and Shaikh (2008,

LAdditional references include Tmbens and Manski (2004), Beresteanu and Molinari (2008), Rosen (2008), Stoye (2009),
Bugni (2010), Canay (2010), Romano and Shaikh (2010), Galichon and Henry (2011), Pakes et al. (2011), Bontemps et al.
(2012), Bugni et al. (2012), and Romano et al. (2013) among others.

2This is commonly the case when dj is large and dy =1, see Examples 2.1 and 2.2.



Section 3.4). In their paper, the authors propose comparing a profiled criterion function similar to ours with
a subsampling critical value. However, subsampling inference presents well-known challenges that make some
applied researchers reluctant to use it when other alternatives are available. To be more specific, subsampling
inference is known to be very sensitive to the choice of subsample size and, even when the subsample size is
chosen to minimize error in the coverage probability, it is more imprecise than its bootstrap alternatives, see
Politis and Romano (1994); Bugni (2010, 2014). In this paper, we provide additional results that support
our bootstrap-based inference over the subsampling inference in Romano and Shaikh (2008). First, we show
that our test is no less asymptotically powerful than the subsampling test under reasonable assumptions
(see Theorem 3.2). Second, we formalize the conditions under which our test has strictly higher asymptotic
power (see Remark 3.5). Finally, we note that our test appears to be less sensitive to the choice of its tuning

parameter &, than subsampling is to the choice of subsample size (see Remark 3.6).

As previously mentioned, the asymptotic results in this paper hold uniformly over a large class of nuisance
parameters. In particular, the test we propose controls asymptotic size over a large class of distributions
F and can be inverted to construct uniformly valid CS’s (see Remark 2.4). This represents an important
difference with other methods that could also be used for inference on components of 8, such as Pakes et al.
(2011), Chen et al. (2011), Kline and Tamer (2013), and Wan (2013). The test proposed by Pakes et al.
(2011) is, by construction, a test for each coordinate of the parameter §. However, such test controls size
over a much smaller class of distributions than the one we consider in this paper (c.f. Andrews and Han,
2009). The approach recently introduced by Chen et al. (2011) is especially useful for parametric models with
unknown functions, which do not correspond exactly with the model in (1.1). In addition, the asymptotic
results in that paper hold pointwise and so it is unclear whether it controls asymptotic size over the same
class of distributions we consider. The method in Kline and Tamer (2013) is Bayesian in nature, requires
either the function m(Wj, 8) to be separable (in W; and 6) or the data to be discretely-supported, and focuses
on inference about the identified set as opposed to identifiable parameters. Finally, Wan (2013) introduces
a computationally attractive inference method based on MCMC, but derives pointwise asymptotic results.

Due to these reasons, we do not devote special attention to these papers.

We view our test as an attractive alternative to applied researchers and so we have included a step by step
algorithm to implement our test in Appendix A.1. We use this algorithm in the Monte Carlo simulations of
Section 4. Our numerical results support all the theoretical findings about asymptotic size control (Section

2) and asymptotic power advantages (Section 3).

2 New test: the minimum resampling test

2.1 Motivating examples

The hypothesis test in (1.2) involves a function f : @ — I' C R% of the partially identified parameter 6 in
the moment (in)equality model in (1.1). As the next two examples illustrate, applied researchers often are
only interested in a few individual coordinates of the vector 8 and resort to projection-based inference. The
leading application of our inference method is therefore the construction of marginal CS’s for coordinates of
6, which is done by setting f(0) = 0, for a s € {1,...,dg} in (1.2) and collecting all values of vy € T for
which Hj is not rejected.

Example 2.1. Ciliberto and Tamer (2010) investigate the empirical importance of firm heterogeneity as

a determinant of market structure in the U.S. airline industry. They show that the competitive effects of



large airlines (American, Delta, United) are different from those of low cost carriers and Southwest. The
parameter 6 entering the profit functions in Ciliberto and Tamer (2010) is close to 30 dimensional in some of
the specifications they use. However, interest is centered in the competitive effect of American Airlines, in
whether two airlines have the same coefficients, or in some other restriction that involves a small number of
components of §. The authors report a table with the smallest cube that contains a 95% confidence region

for ©7(F). This is what we call “the standard practice” in this paper. O

Example 2.2. Gricco (2013) introduces an entry model that includes both publicly observed and privately
known structural errors for each firm and studies the impact of supercenters - large stores such as Wal-Mart
- on the profitability of rural grocery stores. The parameter 6 in his application is multi-dimensional with
11 components. However, interest centers on the coefficient that measures the presence of a supercenter on
the value of a grocery store. In his application, Grieco (2013) also reports projections of the confidence set
for 6 onto parameter axes and clarifies that such table “exaggerates the size of the confidence sets of the full
model” (see Grieco, 2013, footnote 54). O

While marginal CS’s for the vector 6 is our leading application, our inference framework can accommodate
other hypotheses testing problems that can be of empirical interest. For example, one could test whether
two coordinates of 6 are equal (or not) by setting f(0) = 65 — 0 for s # s’ in (1.2) and 9 = 0. In addition,
one could test hypotheses about counterfactuals, provided the counterfactual can be represented as a known

function of #, which is typically the case.

2.2 Framework and test statistic

In order to describe our new test for the hypotheses in (1.2), we need to introduce some basic notation. We
assume throughout the paper that F', the distribution of the observed data, belongs to a baseline distribution
space that we define below. We then introduce an appropriate baseline and null parameter space for (v, F'),
which is the tuple composed of the parameter ~, i.e., the image of the function f, and the distribution of
the data. In order to keep the exposition as reader friendly as possible, we summarize the most important
notation in Table 2, Appendix A.

Definition 2.1 (Baseline Distribution Space). The baseline space of probability distributions, denoted by
P = P(a, M, ), is the set of distributions F such that, when paired with some 6 € O, the following

conditions hold:
(i) {W;}, are i.i.d. under F,
(ii) 0%,(0) = Varp(m;(W;,0)) € (0,00), for j =1,...,k,
(iii) Corrp(m(W;,0)) € U,
(tv) Er[lm;(Wi,0)/or;(0)T] < M,
where W is a specified closed set of k x k correlation matrices, and M and a are fixed positive constants.

Definition 2.2 (Identified Set). For any F' € P, the identified set ©;(F') is the set of parameters 0 € ©

that satisfy the moments restrictions in (1.1).

Definition 2.3 (Null Set and Null Identified Set). For any F € P and v € T, the null set ©(y) =
{6 € © : f(0) = ~} is the set of parameters satisfying the null hypothesis, and the null identified set
O;(F,v)={0 € ©;(F) : f(8) =~} is the set of parameters in the identified set satisfying the null hypothesis.



Definition 2.4 (Parameter Space for (v, F)). The parameter space for (v, F)) is given by L = {(y,F) : F €
P,v € T'}. The null parameter space is Lo = {(7, F) : F € P,y € I, 01(F,~) # 0}.

Our test is based on a non-negative function Qr : © — R, referred to as population criterion function,
with the property that Qg (0) = 0 if and only if # € ©;(F'). In the context of the moment (in)equality model
in (1.1), it is convenient to consider criterion functions that are specified as follows (see, e.g., Andrews and
Guggenberger, 2009; Andrews and Soares, 2010; Bugni et al., 2012),

Qr(0) = S(Er[m(W,0)],%r () , (2.1)

where Xp(0) = Vargp(m(W,0)) and S : Rﬁ_od x RF"P x & — R, is the test function specified by the
econometrician that needs to satisfy several regularity assumptions.® The (properly scaled) sample analogue

criterion function is

Qn(0) = S(Vnm,(0),5.(0)) , (2.2)
where m,(0) = (Mn1(0),. .., M0 k(8), M (@) = n~ S0 m;(W;,0) for j = 1,...,k, and 3,(0) is a

consistent estimator of (). Sometimes it is more convenient to work with correlation matrices, in which
case we use Qp(0) = D ?(0)Sp(0)Dy2(6), 0,(0) = Dy 2(0)S,(0)Dn2(6), Dr(6) = Diag(Sr(6)),
and D,,(8) = Diag(3,(0)). Finally, for a given 7o € T, the test statistic we use for testing (1.2) is the profiled
version of @, (),

Tu(0) =, inf Qu(0) (2.3)

Theorem C.4 in the Appendix adapts results from Bugni et al. (2013) to show that, along relevant sub-

sequences of parameters (v, Fy,) € Lo,

. d :
FoQu0) 3 JAQ) = inf S(ua(d)+£900,0)), 2.4
B0 Qu0) S IR = int S(un(0) +£.0(0,0)) 2.4)
where vg : © — R* is a RF-valued tight Gaussian process with covariance (correlation) kernel € C(©2?),
and A is the limit (in the Hausdorff metric) of the set

Ani, (1) = {(6,0) € ©(1) x R* 1 € = DR 2(0) B, [m(W, 0)] | (2.5)

The limit distribution J(A,) in (2.4) depends on the set A and the function 2, and so does its 1 — «
quantile, which we denote by c(1_q)(A, ). The non-random set A, r, (7,) and its limit A are introduced
for technical convenience and do not have an intuitive interpretation. However, the form of J(A,2) is quite

natural in this context as it resembles a “profiled” version of the usual limit distribution S(vq(6) + ¢, 2(6)).

Remark 2.1. Theorem C.4 gives the asymptotic distribution of our test statistic under a (sub)sequence of
parameters (v, F;,) that satisfies certain properties. It turns out that these types of (sub)sequences are the
relevant ones to determine the asymptotic coverage of confidence sets that are derived by test inversion. In
other words, controlling the asymptotic coverage of a confidence set for 4 involves a infimum over (v, F) -
see (2.15) - and thus we present the asymptotic derivations along sequences of parameters (7, F},) rather
than (o, F,) to accommodate this case. If the goal were to simply control the asymptotic size of the test

for Hy : f(0) = o, then deriving results for sequences (g, F},) would have been sufficient.

Having an expression for J(A, ), our goal is to construct feasible critical values that approximate

C(1—a) (A, ) asymptotically. This requires approximating the limiting set A and the limiting correlation

3See Assumptions M.1-M.9 in the Appendix for these regularity conditions and (3.14) for an example.



function €. The limiting correlation function can be estimated using standard methods. On the other hand,

the approximation of A is non-standard and presents certain difficulties that we describe in the next section.

2.3 Test MR: minimum resampling

The main challenge in approximating the quantiles of J(A, ) lies in the approximation of the set A. Part
of the difficulty relates to the approximation of ¢, although this can be addressed using the GMS approach
in Andrews and Soares (2010) that consists in replacing ¢ with ¢ = (¢1,..., k), where

pj = goj(m,:l\/ﬁ&;;w)mn’j(@)) forj=1,...,pand p; =0for j=p+1,...,k, (2.6)

is the GMS function satisfying the assumptions in Andrews and Soares (2010). The thresholding sequence
{kn}n>1 satisfies £, — oo and K, /v/n — 0.* However, the real challenge in our context is due to the fact

that the relevant points within the set A are the cluster points of the sequence

{6y VD5 *(0,) Er, [m(W,0,)]) }ns1 (2.7)

where 6,, is the infimum of @, (0) over O(y,) and, hence, random. This has two immediate technical
consequences. First, we cannot borrow results from Andrews and Soares (2010) as those hold for non-
random sequences of parameters {(0,, Fy,)}n>1 with 6, € ©;(F,) for all n € N and cannot be extended
to random sequences. Second, the random sequence {6, },>1 in (2.7) could be such that 6, ¢ ©;(F},) for
all n € N (especially in models where ©;(F,,) has empty interior). To see why, note that in our setup the
null hypothesis implies that there is (v,, F,) € Lo for all n € N, meaning that there exists 6% € ©;(F),)
such that ~, = f(0) for all n € N (see Definition 2.4). There is, however, no guarantee that the random
minimizing sequence {6, },>1 in (2.7) satisfies 6,, € ©;(F,,). This is problematic because it implies that the
set A contains tuples (6,¢) such that ¢; < 0 for j =1,...,p, or {; # 0 for j = p+1,...,k and so, if an
infimum is attained, it could be attained at a value of § that is not associated with £; > 0 for j =1,...,p
and ¢; =0 for j =p+1,...,k. Thus, along sequences that converge to such tuples, the GMS function ¢(-)
is not a conservative estimator of v/nDp, 1/2 (0n)ErR, [m(W,0,)].

In this paper we circumvent the aforementioned difficulties by combining two approximations to J(A, Q)

that share common elements. They both use the same estimate of 2,
Q. (0) = D;V2(0)2,(0)D;1/%(0)  where % n! Z (Wi, 0) — 1y (0)) (m(W;, 0) — mn (0))" .

They also use the same asymptotic approximation to the stochastic process vq(6),

- HL

b>

m(Wi, 0) —m,(0))¢; and {¢ ~ N(0,1)}, is i.i.d.® (2.8)

%\

4The GMS function ¢(-) in Andrews and Soares (2010) might also depend on 3, (6). For simplicity we consider those that
only depend on liﬁl\/ﬁfr;;(ﬁ)mn,j (6), which represents all but one of the p-functions in Andrews and Soares (2010).

5We note that one could alternatively use a bootstrap approximation, n=1/2 3% | ﬁ;lm(@)(m(Wi", 0) — mn(0)), where
{W}}?_, is an i.i.d. sample drawn with replacement from original sample {W;}?_,. In our simulations, the asymptotic approx-
imation is computationally faster.



The first resampling test statistic we use to approximate J(A, Q) is

T (y0) = eeénfv )S(UZ(@ + @k VD (0)mn(8)), 2 (0)) (2.9)
where
01(70) = {0 € O(10) : @n(9) < Tu(70)} (2.10)

is the set of minimizers of Q,,(6), ¢ = (p1,...,¢x) is as in (2.6), and T, (7o) is as in (2.3). Using T.F(vp)
to simulate the quantiles of J(A, ) is based on an approximation to the set A that replaces ¢ with ¢(-) and
enforces 6 to be close to ©;(F) by using the approximation ©;(vo) to ©7(F, 7). Even though O;(v) is
generally not a consistent estimator of ©(F,y), it follows from Bugni et al. (2013, Lemma D.13) that

Jim inf Pr(©1(10) € O™ () =1, (2.11)
where ©' %" () is the non-random expansion of ©;(F,vo) defined in Table 2. The result in (2.11) is precisely
what we need for our approach to work. Since ¢;(-) >0 for j =1,...,pand ¢;(-) =0for j =p+1,... k,
using this approximation in the definition of T*}(v) guarantees that the (in)equality restrictions are not
violated by much when evaluated at the 6 that approximates the infimum in (2.9). This makes the GMS
function ¢(-) a valid replacement for ¢ and plays an important role in establishing our results.

Remark 2.2. As in other M-estimation problems, it is not necessary to impose that @1(70) is the set
of exact minimizers of @, (#). This set could be replaced with an “approximate” set of minimizers, i.e.,
O1(7) = {0 € O() : Qu(0) < Ty(70) + 0,(1)}, without affecting any of our results. This is relevant for
situations in which the optimization algorithm is only guaranteed to approximate the exact minimizers.

The second resampling test statistic we use to approximate J(A, Q) is

T2 (v0) = gt | S (0) + ko VD (0)m (6), 2 (6)) - (2.12)

Using T1*2(vy) to simulate the quantiles of J(A, ) is based on an approximation to the set A that replaces
¢ with k;'/nD;;1(0)m,(f). This is not equivalent to the GMS approach: (a) it could be the case that
. n&;j(e)mn,j(e) < 0 for some j =1,...,p, and (b) it also includes the term m;l\/ﬁ&;}(ﬁ)mnd (0) for

j=p+1,...,k (i.e. equality restrictions).® As explained before, the set A contains tuples (6,£) such that

K

¢j<0forj=1,...,p,orf; #0 for j =p+1,...,k. This second approximation directly contemplates this
possibility and therefore avoids the need of an estimator of ©(F,~) satisfying (2.11). This also plays an
important role in establishing the consistency in level of our test.

Remark 2.3. Replacing ©;(yo) with © () while keeping the function ¢(-) in (2.9) would not result in a
valid approximation to J(A, Q) and, subsequently, would not result in a valid test for the null hypothesis of
interest. Therefore, it is important for T.F (7o) to use ©;(vo) and for T2 (vo) to use ; 'v/nD; (8)m, (0)
rather than ¢(-).

We now have all the elements to define the new critical value and the minimum resampling test we

propose in this paper.

6The GMS approach requires both that pj(-)>0forj=1,...,pand ¢;(-) =0for j = p+1,...,k in order for the approach
to have good power properties, see Andrews and Soares (2010, Assumption GMS6 and Theorem 3).



Definition 2.5 (Minimum Resampling Critical Value). Let T?!(yg) and T.72(v) be defined as in (2.9) and
(2.12) respectively, where v} () is defined as in (2.8) and is common to both test statistics. The Minimum
Resampling critical value M (yy,1 — ) is defined as the 1 — o quantile of

Trin(’Yo) = min {Tfl(%)anQ(%)} . (2.13)

Definition 2.6 (Minimum Resampling Test). Let ©(vq) be defined as in Definition 2.3 and ¢M%(y,1 — )
be defined as in Definition (2.5). The Minimum Resampling test (or Test MR) is

WR(%)zl{ inf Qn<9)>é¥’*<ml—a)}. (2.14)
0€0(v0)

The profiled test statistic infyce(y,) @n(f) is standard in point identified models and has been proposed
in the context of partially identified models for a subsampling test by Romano and Shaikh (2008). The
novelty in our Test MR lies in the critical value ¢M#(y,1 — ). This is because each of the two basic
resampling approximations we combine - embedded in T* (o) and T#2(v,) - has good power properties in
particular directions and neither of them dominate each other in terms of asymptotic power - see Example
3.1. By combining these two approximations into the test statistic TM % (vy), the Minimum Resampling Test
#ME(~y) dominates each of these basic approximations and has two important additional properties. The

first property is summarized in the next theorem.

Theorem 2.1. Let Assumptions A.1-A.7 hold. Then, for a € (0,1/2),

limsup sup  Er[o} (1) <a .
n—oo ("/,F)El:o

Remark 2.4. Let CS¥(1 —a) = {y €T : TME(y) < éME(y, 1 —a)} beal—a CS for 4. It follows from
Theorem 2.1 that

liminf inf Pr(y€CS*(1-a))>1-a, 2.15
minf inf r (77 n(l—a)>1-a (2.15)

meaning that the Minimum Resampling test can be inverted to construct valid CS’s for +. In particular,
this allows us to construct confidence intervals for individual components of § when f(f) = 65 for some
s = ]., ce ,dg.

Remark 2.5. All the assumptions we use throughout the paper can be found in Appendix B. The first four
assumptions in Theorem 2.1 are regularity conditions that allow us to use uniform Donsker theorems, see
Remark B.1. Assumptions A.5 and A.6 are rather technical conditions that are discussed in Remarks B.2
and B.3. Finally, Assumption A.7 is a key sufficient condition for the asymptotic validity of our test that
requires the criterion function to satisfy a minorant-type condition as in Chernozhukov et al. (2007) and the

normalized population moments to be sufficiently smooth. See Remark B.4 for a detailed discussion.

The second property concerns the asymptotic power properties of our test relative to a subsampling test
applied to infgcg (1) @n(0) (as in Romano and Shaikh, 2008) or a test based on checking whether the image
under f(-) of a Generalized Moment Selection (GMS) confidence set for 6 (as in Andrews and Soares, 2010)

intersects ©(7). The power analysis is involved, so we devote the entire Section 3 to this task.



3 Minimum resampling versus existing alternatives

The critical value of the Minimum Resampling test from Definition 2.6 is the 1 — o quantile of TM () =

min { T (70), T2 (70) }, where T (o) and T;7?(vo) are defined in (2.9) and (2.12), respectively. If we let

~R1

efl(v9,1 — a) and é%(yp,1 — ) be the 1 — a quantiles of T#(yg) and TF2(y), respectively, then two

“basic” resampling tests, denoted by Test R1 and Test R2, could be defined as follows,

R1 — : ~R

o =1{, int Qul®)> (1)} )
R2 — : ~R2

o2 =1{, iut Qul®) > 1= )} (3.2

By construction ¢Mf(y,1 — a) < min{éZ!(vy,1 — a),e%2(v,1 — )}, and thus it follows immediately that for
any (7, F) € L and all n € N,

S (1) 2 ot () and ¢y F(7) 2 67 (7) - (3-3)

In this section we study the properties of each of these basic resampling tests. This is interesting for the
following reasons. First, we show that Test R1 dominates (in terms of finite sample power) the standard
practice of computing the image under f(-) of a CS for # and checking whether it includes . Second, we
show that Test R2 dominates (in terms of asymptotic power) a subsampling test applied to infyece(,) @n(f)
under certain conditions. By the inequalities in (3.3) these results imply that Test MR weakly dominates
both of these tests. We formalize these statements in the next subsections, and also present two examples
(Examples 3.1 and 3.2) that illustrate cases in which Test MR has strictly better asymptotic power and size

control than the two existing tests.

3.1 Power advantages over Test BP

Examples 2.1 and 2.2 illustrate that the standard practice in applied work to test the hypotheses in (1.2)
involves computing a CS for the parameter 6 first, and then rejecting the null hypothesis whenever the image
of this CS under f(-) does not equal 9. We refer to this test as Test BP, to emphasize the fact that this test
comes as a By-Product of constructing a CS for the entire parameter 6, and was not specifically designed
to test the hypotheses in (1.2). Using the notation introduced in the previous section, we define a generic
1—«a CS for 6 as

CS,(1—a)={0€0:Q,00) <é&0,1—a)}, (3.4)

where ¢, (0,1 — ) is such that C'S,,(1 — «) has the correct asymptotic coverage. CS’s that have the structure
in (3.4) and control asymptotic coverage have been proposed by Romano and Shaikh (2008); Andrews and
Guggenberger (2009); Andrews and Soares (2010); Canay (2010); and Bugni (2009), among others.

Definition 3.1 (Test BP). Let C'S,, (1 — «) be a CS for 6 that controls asymptotic size. Test BP rejects the

null hypothesis in (1.2) according to the following rejection rule
$r' (70) = 1{CSn(1 — @) N O(70) =0} . (3.5)

Definition 3.1 shows that Test BP depends on the confidence set C'S,,(1 — «). It follows that Test BP

inherits its size and power properties from the properties of C'S,, (1 — «), and these properties in turn depend



on the particular choice of test statistic and critical value used in the construction of C'S, (1 — «). All the
tests we consider in this paper are functions of the sample criterion function defined in (2.2) and therefore
their relative power properties do not depend on the choice of the particular function S(-). However, the
relative performance of Test BP with respect to our test does depend on the choice of critical value used in
CS,(1—a). Bugni (2010) shows that GMS tests have more accurate asymptotic size than subsampling tests.
Andrews and Soares (2010) show that GMS tests are more powerful than Plug-in asymptotics or subsampling
tests. This means that, asymptotically, Test BP implemented with a GMS CS will be less conservative and
more powerful than the analogous test implemented with plug-in asymptotics or subsampling. We therefore
adopt the GMS version of the specification test in Definition 3.1 as the “benchmark version” of Test BP.
This is summarized in the maintained Assumption M.4, see Appendix B.

By appropriately modifying the arguments in Bugni et al. (2013), we show that

o' (1) =1, inf Qu(6)> & (1 1-a)} 2 1{B e CS(L-a): fO) =1} =627 (),  (36)
whenever Tests BP and Test R1 are implemented with the same sequences {ky,},>1 and the same function
©(+). By (3.3), this means that Test MR weakly dominates Test BP in terms of finite sample power. We
summarize this in the next theorem.

Theorem 3.1. For any (v, F) € L it follows that ¢F(v) > ¢BF(v) for all n € N.
Corollary 3.1. For any sequence {(Vn, Fp) € L}n>1, liminf, o0 (Er, [02 (v0)] — Er, [0BF (7,)]) > 0.

Remark 3.1. Theorem 3.1 is a statement that holds for all n € N and (v, F) € £. In particular, since
it holds for parameters (v, F') € Ly, this is a result about finite sample power and size. This theorem and
(3.3) imply that Test MR cannot be more conservative nor have lower power than Test BP for all n € N
and (v, F) € L. In fact, Theorem 3.1 and (3.3) imply an even stronger conclusion: The CS for v defined in
Remark 2.4 is always a subset of the one produced by projecting the joint CS in (3.5).

Remark 3.2. When the dimension of © is big relative to that of I" - e.g., the function f(-) selects one of
several elements of O - the implementation of Test MR is computationally attractive as it involves inverting
the test over a smaller dimension. In other words, in cases where dim(T") is much smaller than dim(©), Test

MR has power and computational advantages over Test BP.

Remark 3.3. Under a condition similar to Bugni et al. (2013, Assumption A.9), we can show that Test R1
has asymptotic power that is strictly higher than that of Test BP for certain local alternative hypotheses.
The proof is similar to that in Bugni et al. (2013, Theorem 6.2) and so we do not include it here. We do
illustrate a situation in which our test has strictly better asymptotic power in Example 3.1.

Test R1 corresponds to the Resampling Test introduced by Bugni et al. (2013) to test the correct specifi-
cation of the model in (1.1). Using this test for the hypotheses we consider in this paper would result in a test
with correct asymptotic size by the inequality in (3.3). Unfortunately, Test R1 presents two disadvantages
relative to Test MR. First, there is no guarantee that Test R1 has better asymptotic power than the subsam-
pling test proposed by Romano and Shaikh (2008). Second, there are cases in which Test MR has strictly
higher asymptotic power than Test R1 for the hypotheses in (1.2) - see Example 3.1 for an illustration.

3.2 Power advantages over Test SS

We have compared Test MR with Test BP using the connection between Test MR and the first basic
resampling test, Test R1. In this section we show that Test MR dominates a subsampling test by using its



connection to the second basic resampling test, Test R2, which is not discussed in Bugni et al. (2013) but

has recently been used for a different testing problem in Gandhi et al. (2013).

Romano and Shaikh (2008, Section 3.4) propose to test the hypothesis in (1.2) using the test statistic in
(2.3) with a subsampling critical value. Concretely, the test they propose, which we denote by Test SS, is

¢?mmE1{iﬁ Qaw>£%wﬂ—aﬁ, (3.7)
0€0(v0)
where ¢7%(yp,1 — a) is the (1 — a) quantile of the distribution of fo(e), which is identical to @, (0) but
computed using a random sample of size b,, without replacement from {W;}?_,. We assume the subsample
size satisfies b,, — oo and b,/n — 0, and show in Theorem C.3 in the Appendix that, conditional on the
data,

T55(v) = inf QE5(0) S J(ASS,Q)= inf _S(va(d) +£,9(6,0)), as. 3.8

S =, dnt Q) SIS0 = it S(ua() +£.0(0.0)), as.. (33)

where vg : © — R* is a RF-valued tight Gaussian process with covariance (correlation) kernel Q € C(©2?),
and A®? is the limit (in the Hausdorff metric) of the set

A5, () = {(60.0) € ©(3) X B* 1 £ = /b, D *(0) B, m(W.6)] | (3.9)

Romano and Shaikh (2008, Remark 3.11) note that constructing a test for the hypotheses in (1.2) using
Test BP would typically result in a conservative test, and use this as a motivation for introducing Test SS.

However, they do not provide a formal comparison between their test and Test BP.

To compare Test SS with Test R2 (and Test MR), we define a class of distributions in the alternative
hypotheses that are local to the null hypothesis. Notice that the null hypothesis in (1.2) can be written as
O(v0)NO(F) # 0, so we do this by defining sequences of distributions F}, for which ©(y9) NO(F},) = 0 for
all n € N, but where O(v,) NO(F,) # 0 for a sequence {7, }»>1 that approaches ~y. These alternatives are
conceptually similar to those in Andrews and Soares (2010), but the proof of our result involves additional
challenges that are specific to the infimum present in the definition of our test statistic. The following

definition formalizes the class of local alternative distributions we consider.

Definition 3.2 (Local Alternatives). Let 49 € I'. The sequence {F,},>1 is a sequence of local alternatives
if there is {7, € I'},,>1 such that {(v,, F),) € Lo}n>1 and

(a) For allm € N, ©;(F,) NO(y) = 0.

(b) d1(0(1m),O(70)) = O(n~1/2).
(c) For any 6 € ©, kG, (0) = o(1), where Gp(0) = 0D5"/*(0) Ep[m(W, 6)]/06".
Under the assumption that F, is a local alternative (see Assumption A.9) and some smoothness conditions

(see Assumptions A.7 and A.10) we show that Test R2 has weakly higher asymptotic power than Test SS.
This is the content of the next theorem.

Theorem 3.2. Let Assumptions A.1-A.10 hold. Then,

liminf (Eg, [¢1%(10)] — Er, [67° (0)]) > 0. (3.10)

n—oo

Remark 3.4. To show that the asymptotic power of Test MR weakly dominates that of Test SS, Theorem
3.2 relies on Assumption A.8, i.e., limsup,, . kny/bn/n < 1. For the problem of inference on the entire
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parameter 0, Andrews and Soares (2010) show the analogous result that the asymptotic power of the GMS
test weakly dominates that of subsampling tests, based on the stronger condition that lim, o0 5 /bn/n = 0.
Given that Theorem 3.2 allows for limsup,, an\/m = K € (0, 1], we view our result as relatively more
robust to the choice of x, and b,. We notice that Theorem 3.2 is consistent with the possibility of a failure
of (3.10) whenever Assumption A.8 is violated, i.e., when limsup,,_,.. kn+/bn/n > 1. Remark 3.11 provides
a concrete example in which this possibility occurs. In any case, for the recommended choice of k, = vInn
in Andrews and Soares (2010, Page 131), a violation of this assumption implies a b,, larger than O(n¢) for all
¢ € (0,1), which can result in Test SS having poor finite sample power properties, as discussed in Andrews
and Soares (2010, Page 137).

Remark 3.5. The inequality in (3.10) can be strict for certain sequences of local alternatives. Lemma C.10
proves this result under the conditions in Assumption A.11. Intuitively, we require a sequence of alternative
hypotheses in which one or more moment (in)equality is slack by magnitude that is o(b, 1 2) and larger than
O(knn~"?). We provide an illustration of Assumption A.11 in Example 3.2. We also empirically illustrate

the role of this assumption in our Monte Carlo simulations.

Remark 3.6. There are reasons to prefer Test MR over Test SS beyond the asymptotic power result in
Theorem 3.2. First, we find in all our simulations that Test SS is significantly more sensitive to the choice
of b, than Test MR is to the choice of k,. Second, in the context of inference on the entire parameter
6, subsampling tests have been shown to have an error in rejection probability (ERP) of order O, (b, /n +
b;l/z) > O,(n~1/3), while GMS-type tests have an ERP of order O,(n~1/2) (c.f. Bugni, 2014). We expect
an analogous result to hold for the problem of inference on f(6), but a formal proof is well beyond the scope

of this paper.

3.3 Understanding the new test and its power advantages

The previous sections derived two important results. On the one hand, Test R1 weakly dominates Test BP
in terms of finite sample power and, under certain conditions and for some alternatives, strictly dominates
Test BP in terms of asymptotic power. On the other hand, Test R2 weakly dominates Test SS in terms of
asymptotic power for all the alternatives in Definition 3.2, and strictly dominates Test SS for certain local
alternatives. These power properties are inherited by Test MR by virtue of the inequalities in (3.3). We
summarize these lessons in the following corollary.

Corollary 3.2. Let Assumptions A.1-A.10 hold. Then

lim inf (Ep, [¢n' " (y)] = Bp, [67°(9)]) 20 and  liminf (Ep, [¢n " (3)] = Bp, (677 (1)]) 2 0. (3.11)

The result in Corollary 3.2 is useful as it shows that Test MR cannot be asymptotically dominated by
any of the other tests. The next natural step is to understand the type of alternatives for which both of the
inequalities in (3.11) become strict. There are two ways of obtaining such result. First, it could be the case
that either Test R1 strictly dominates Test BP (as in Remark 3.3), or that Test R2 strictly dominates Test
SS (as in Remark 3.5). We illustrate a situation in which Test R2 has strictly better asymptotic power than
Test SS in Example 3.2. It could also be possible that Test MR has strictly better asymptotic power than
both Test R1 and Test R2, which results in Test MR strictly dominating (asymptotically) Test BP and Test
SS. We illustrate this situation in Example 3.1.

Example 3.1 (Test MR vs. Tests R1 and R2). Let W = (W3, Wy, W3) € R? be a random vector with
distribution F,, Vg, [W] =I5, Ep, [W1] = p16n/v/1, Ep, [Wa] = pakn/+/n, and Er [Ws] = ps/+/n for some
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p1 > 1, ps € (0,1), and p3 € R. Consider the following model with © = [-C, C]? for some C > 0,

Epn[ml(Wi,G)} = EF [W 1 — 0 ] 0
EF,L [mg(Wi, 9)} = EF,L [ 92] 0
0.

Er, [m3(Wi,0)] = EF, [Wz 3 — 03]

n n

v

(3.12)
We are interested in testing the hypotheses
H() 10 = (0,0,0) VS. H1 ;0 7é (0,0,0) s

which implies that f() = 6, ©(y) = {(0,0,0)}, and ©;(v) = {(0,0,0)}.” Note that Hy is true if and only if
13 = 0. The model in (3.12) is linear in 8, and so many relevant parameters and estimators do not depend on
6. These include &;(0) = 6; for j = 1,2,3, s0 Dy /*(8) = D2, 9,5(0) = Oy = V57 (Waj — Ep, [W;)),
and

5= g D HO)m(Wi ) — a0 = = g DIAW— WG =, (3.13)

where {¢;}*, is i.i.d. N(0,1). It follows that {v}|{W;}",} ~ N(0,1) a.s. For simplicity here, we use the
Modified Method of Moments criterion function given by

14 k
= Imy/oil2 + Y (my/oy)? (3.14)
J=1 j=p+1

where [z]_ = min{z, 0}, and the simplest function ¢(-) proposed by Andrews and Soares (2010),
pj(x)=o00ox1{x >1}for j=1,...,p, and p;(x) =0for j=p+1,...,k. (3.15)
The sample criterion function is given by

Qu(0) = [VnaT (W1 — 00)]” + [Vroy ' (Wa — 02)]° + [Vos ' (Ws — 63)]”

and so the test statistic satisfies

ot Qu(®) = (Vo W)+ [Viog ' Wal” + [V ' Ws)”
0

= [i}n,l + /Jla'l_lfﬁn]i + [ﬂn,Q + MQ&Q_IKI'@]? + [ﬁn,?) + 6-3:1M3]2 )

4 (Zs + pal?,  Zs ~ N(0,1).

To study the behavior of the Test R1, Test R2, and Test MR, we derive convergence statements that occur
conditionally on {W;}?_ . and exploit that s, %, ; = 0 and &j_l RS orj_l =1 for j = 1,2,3. Below we also
use the notation Z = (2, Z5, Z3) ~ N (03, I3).

Test R1: This test uses the (conditional) (1 — «) quantile of the following random variable,

TR (o) = inf {[vn1+ 106 VT (70— 00)] + [v0 + wal Vo (Wa — )] + [020]°}

0cO; (’Yo)

"In this example we use f(f) = 0 for simplicity, as it makes the infimum over Q, () trivial. We could generate the same
conclusions using a different function by adding some complexity to the structure of the example.
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~ " 2 1~ P 2
= [U:,l + 00 * l{mglvn,l + 167 b 1}] T+ [1)272 + 00 * l{nnlvn,g + p26, s 1}] T+ [U;B]Q ,

4 (222 + [ Z5)2 wopa.l

since p1 > 1 and po < 1.

Test R2: This test uses the (conditional) (1 — «) quantile of the following random variable,

. _ P = 2 _ . - 2
T (0) =, inf { [+ VRGT (W = 0)]” + [v) + Vo (Wa — 62)]
0
+ [0} 5+ Ky, /ey H(Ws — 03)]%)
1~ 112 1~ . 1~ . _ 2
= [vp 1 4k O + 167 ]+ [Uh g+ T2+ 265 2+ (V) 3+ Ky Ongs 4 65 Ry s]

L2+ ]+ [ Ze + o) + (23] wpal.

Test MR: This test uses the (conditional) (1 — «) quantile of the following random variable,
T2 (30) = min{ T (70), T2 (v0)} % min{[Z1 + i) + [Z2 + mo)® , (2]} + 23] wpal
O

The example provides important lessons about the relative power of all these tests, as well as illustrating
a case in which Test MR has strict better power than both Test BP and Test SS. We summarize these lessons
in the following remarks.

Remark 3.7. Since min{[Z; + u1]% + [Z2 + p2]?, [Z2]% } > 0, it follows that the null rejection probability

of Test MR along this sequence will not exceed o under Hy. More importantly, note that

P([Z1 + ] + [Za + pa)® < [Zo)?) > P(Zy + p1 > 0)P(Z5 < 0) >0,
P([Z1 + )2 + [Zs + po)® > [Z2)2) > P(Z1 + 11 < 0)P(Z5 > 0) > 0, (3.16)

which implies that whether TM £ (vy) equals T#! () or T%(vy) is random, conditionally on {W;}"_,. This
means that using Test MR is not equivalent to using either Test R1 or Test R2.

Remark 3.8. Example 3.1 and (3.16) show that the conditional distribution of T % () is (asymptotically)
strictly dominated by the conditional distributions of % () or Tf*2(yg). Given that all these tests use the
same test statistic, what determines their relative asymptotic power is the limit of their respective critical
values. In the example above, we can numerically compute the 1 — a quantiles of the limit distributions of
TEL (), TE2(0), and TME(vy) after fixing some values for p; and po. For example, setting both of these
parameters close to 1 results in asymptotic 95% quantiles of T#! (), T.#2(v0), and TM%(~) equal to 5.15,
4.18, and 4.04, respectively.

Remark 3.9. Example 3.1 illustrates that the basic resampling tests, Test R1 and R2, do not dominate
each other in terms of asymptotic power. For example, if we consider the model in (3.12) with the second

inequality removed, it follows that

T/ (0) % [Zs)*  and  TF2(y0) 5 [Z1+m)? + [Zs)? . (3.17)
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In this case Test R1 has strictly better asymptotic power than Test R2. For this example, taking uq close
to 1 gives asymptotic 95% quantiles of Tests R1 and R2 equal to 3.84 and 4.00, respectively. On the other
hand, if we consider the model in (3.12) with the first inequality removed, it follows that

TR (y0) % [Zo)2 + (23] and  TF2(y0) 3 (22 + pa]® + 23] . (3.18)

Since [Zy + pa]? < [Z3]2 (with strict inequality when Zy < 0), this case represents a situation where Test
R1 has strictly worse asymptotic power than Test R2. For this example, taking us close to 1 results in
asymptotic 95% quantiles of Tests R1 and R2 equal to 5.13 and 4.00, respectively.

Example 3.2 (Test R2 versus Test SS). Let W = (Wy, Wa, W3) € R3 be a random vector with distribution
F,, VFn [W] = I3, EFn [Wﬂ = Nl"‘ﬂn/\/ﬁa EF71 [WQ] = Nz/\/ﬁ, and EFn[Wj] = 0 for some p1 20 and po < 0.
Consider the model in (3.12) with © = [-C, C]? for some C > 0, and the hypotheses

H() : f(&) = (91,02) = (0,0) VS. H1 : f(@) = (01,92) 7é (0,0) .

In this case ©(yo) = {(0,0,03) : 03 € [-C,C]} and Hy is true if and only if uo = 0. The model in (3.12) is
linear in 6, and so many relevant parameters and estimators do not depend on 6. These include 6;(0) = ;
for j = 1,2,3, so D' 2(0) = D%, 0,5 = /067 (W — Ep, [W;]), and v;(8) = v} as defined in (3.13).
For simplicity, we assume that nn\/m converges to a constant K.

To study the behavior of the tests we derive convergence statements that occur conditionally on {W;}7,,
and exploit that x, 19, ; 20 and &]_—1 RN O'j_l =1 for j =1,2,3. We also use Z = (2, Za, Z3) ~ N (03, I3)
and assume Andrews and Soares (2010, Assumption GMS5). As in Example 3.1, S(-) is as in (3.14) and ¢(+)

as in (3.15), which results in a sample criterion function given by
- 2 1 2 R 2
Qn(G) = [\/ﬁO’l 1(W1 - 01)]7 + [\/50'2 1(W2 — 92)}7 + [\/EO'?) 1(W3 — 93)] .
The test statistic satisfies

) ) s, 12 e, 12 1= 2
(8L @0 =, nf | VT ¢ [V W)+ [V (s — )
= [571,1 + Mlﬁflﬁn]i + [177;,2 + M262_1}27 LN [Z1)21{p1 = 0} + [Z2 + pa]* .

Test R2: This test uses the (conditional) (1 — «) quantile of the following random variable,

Ti2(0) = it {[vn s Viaor (W= 0)]% + [oio + Vo (W = 60)]7 + [Vieg (W5 = 65)]°}

* —1~ ~—172 * 1~ _ ~—112 d
= [vn1 + Ky 0n1 + 16 1} "+ [vha+ Ko Ono + Ky, taady 1]_ L2y + > +[Z2)2 wpal.

Test SS: This test draws {W7}i", iid. with replacement from {W;}?_, and computes vy (0) =
S50 Dy Y2 (0)m (W, 0). Now define

1
Vb

by,
5,(0) = = >_ Dy P O){m(W;,6) - Br, [m(Wi,0)]} | (3.19)
i=1
and since 95 (0) = vy , Politis et al. (Theorem 2.2.1, 1999) implies that {77 [{W;}7,} LA N(0,1) a.s.
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Test SS uses the conditional (1 — «) quantile of the following random variable

155 0) = ik {IW/buo 3 O30 = 00012+ (Vo673 (W, o = 02012 4+ [Vond] 5 (W5, o = 05}

0€O(v0)

:[Ub 1+Ub 1\/ Ml"in/f [nbn2+0'b 2\/>N2/f
! [Z1 + Ku1)? + [Z2)% wpa.l,

where we used £p,4/bn/n — K. |

Remark 3.10. In Example 3.2, TF2(v;) and Tl;is (70) have the same asymptotic distribution, conditionally
on {W;},, when p; =0 or K = 1. However, if g1 > 0 and K < 1, it follows that Tzis (70) asymptotically
strictly dominates T/%2(vy) in the first order stochastic sense, conditionally on {W;} ;. Specifically,

P ([ZQ + ,U/2]2, > ql_a([Zl + Ml]% + [ZQ]%)) > P ([Zg + /1/2]% > ql_a([Zl + K/,cl]% + [ZQ]Q,)) 5 (320)

where ¢1_(X) denotes the 1 — « quantile of X. Thus, Test R2 is strictly less conservative under Hy (i.e.

when pg = 0) and strictly more powerful under H; (i.e. when pg < 0).

Remark 3.11. Example 3.2 shows that Test SS could deliver higher power than Test R2 if yy > 0 and
K > 1, i.e., if Assumption A.8 is violated. However, for the recommended choice of k, = vInn in Andrews
and Soares (2010, Page 131), a violation of this assumption can result in Test SS having poor finite sample
power properties, as already discussed in Remark 3.4.

4 Monte Carlo simulations

In this section we consider an entry game model similar to that in Canay (2010). Suppose that firm j € {1, 2}
decides whether to enter (z;; = 1) a market ¢ € {1,...,n} or not (z;; = 0) based on its profit function
mii = (€5 — 0j2—;:)1{z;; = 1}, where ¢;; is firm j’s benefit of entry in market ¢ and z_;; denotes the
decision of the other firm. Let €;; ~ Uniform(0,1) and 6y = (61,62) € (0,1)%. There are four outcomes
in this game: (i) W; = (21,4, 22,) = (1,1) is the unique Nash equilibrium (NE) if ¢;; > 6; for all j; (ii)
W; = (1,0); is the unique NE if 1 ; > 61 and €2, < 63; (iii) W; = (0, 1) is the unique NE if €; ; < 6; and
€2,; > b and; (iv) there are multiple equilibria if ¢;; < 6; for all j as both W; = (1,0) and W; = (0,1) are

NE. Without further assumptions this model implies

Epimi(W;,0)] = Ep[z1,22, — (1 = 01)(1 — 62)] =
EF[TTL2(WZ‘, 9)} = EF[ZLi(l — Zz,i) — 02(1 — 01)] Z
Ep[mg(Wi, 9)} = EF[OQ — 2171'(1 — 2271‘)] Z 0.

(4.1)

The identified set ©;(F) in this model is a curve in R2. We generate data using 6y = (0.3,0.5) as the true
parameter and p = 0.7 as the true probability of selecting W; = (1,0) in the region of multiple equilibria.
This gives an identified set having a first coordinate ranging from 0.19 to 0.36, and a second coordinate
ranging from 0.45 to 0.56 (see Canay, 2010, Figure 1). Our setup differs from that in Canay (2010) in that
we add the following redundant inequality,

Ep[ma(G,0)] = Ep[¢+ 61— 02] >0, (4.2)
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Figure 1: Rejection probabilities under the null and alternative hypotheses when f(0) = 61. Tests considered are: Test MR
(solid red line), Test BP (dotted orange line), Test SS1 (dashed blue line), and Test SS2 (dashed-dotted green line). Black
asterisks indicate values of 01 in the identified set at the nominal level. Left panel shows rejection rates to the left and right of
the identified set. Right panel zooms-in the power differences to the left. In all cases n = 1,000, @ = 0.10, and M C = 2,000.

where ¢; ~ N(p¢,1) and pe = 0.38. There are three aspects worth noting about this inequality. First, the
value of pi was chosen to place the line determining the inequality at x,/y/n distance from the identified
set. As a consequence, the identified set O;(F) remains unchanged. Second, the line determining the
inequality is close enough to ©7(F) so that it can occasionally appear to be binding in finite samples. More
specifically, the inequality is used to generate the situation required in Assumption A.11 and hence illustrate
a case where Test MR delivers higher power than Test SS.® Finally, the inequality only affects power for
alternatives approaching the identified set from the left (right) in the case of 6; (63), and does not affect

power in the other direction.

We set n = 1,000 and o = 0.10, and simulate the data by taking independent draws of ¢ ; ~ Uniform(0, 1)
for j = {1,2} and computing the equilibrium according to the region in which ¢; = (£1,4,¢2,) falls. We

consider subvector inference for this model, with

Hy: f0)=0s=~ vs Hy:f(0)=0s#~ fors=1,2, (4.3)

and perform MC = 2,000 Monte Carlo replications. We report results for Test MR (with k, = VInn =
2.63)?, Test BP, Test SS1 (with b, = n?/? = 100 as considered in Bugni, 2014), and Test SS2 (with
b, = n/4 = 250 as considered in Ciliberto and Tamer, 2010).10

Figure 1 shows the rejection probabilities under the null and alternative hypotheses for the first coor-
dinate, i.e., f(#) = 6;. The results show that Test MR has null rejection probabilities (at the boundary

of the identified set) closer to the nominal size than those of Test BP which is highly conservative in this

8We also run simulations of the model without (4.2) and these simulations are available upon request. For that model Test
MR and Test SS show similar rejection rates for appropriate choices of by, which is consistent with the theory as the local
asymptotic power of Test MR and Test SS coincide in the model determined by (4.1) alone.

9We computed Test MR with s, = 0.80v/Inn and x, = 0.90vInn, as in Bugni et al. (2013), and obtained numerically
identical results to those reported here.

10We tried different choices of subsampling sizes and found that b, = n2/3 works best and that n /4 works worst. The choice
bn, = n2/3 corresponds to the optimal rate for the subsample size to minimize ERP; see Bugni (2010). The choice b, = n/4 is
the subsample size rule used by Ciliberto and Tamer (2010).
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case. Test SS can be close to Test MR or Test BP depending on the subsample size b,,. The right panel

illustrates the power differences more clearly, and it shows that the differences in the power of Test MR with

respect to that of Test BP, Test SS1, and Test SS2 could be as high as 0.30, 0.05, and 0.20, respectively.
Given that the simulation standard error with 2,000 replications is between 0.007 and 0.01, depending on the
alternative, these differences are significant. The power differences between Test MR and Test SS1 disappear

for alternatives approaching the identified set from the right, as in that case the inequality in (4.3) does not

1

play any role and both tests have the same asymptotic local power.

1
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Test MR

Figure 2: Rejection probabilities under the null and alternative hypotheses when f(#) = 6. Tests considered are: Test MR,
(solid red line), Test BP (dotted orange line), Test SS1 (dashed blue line), and Test SS2 (dashed-dotted green line). Black
asterisks indicate values of f2 in the identified set at the nominal level. Left panel shows rejection rates to the left and right of
the identified set. Right panel zooms-in the power differences to the right. In all cases n = 1,000, a = 0.10, and M C' = 2,000.

Figure 2 shows the rejection probabilities under the null and alternative hypotheses for the second coor-
dinate, i.e., f(0) = 02. The results show again that Test MR has null rejection probabilities (at the boundary
of the identified set) closer to the nominal size than those of Test BP, although Test BP performs better
than in the previous case. Similarly, the performance of Test SS highly depends on the choice of subsampling

size and it performs particularly poorly for the subsampling size rule used by Ciliberto and Tamer (2010).
The differences in the power of Test MR with respect to that of Test BP, Test SS1, and Test SS2 could be

as high as 0.07, 0.12, and 0.27, respectively. As before, given that the simulation standard error is between

0.007 and 0.01, these differences are significant.
Table 1 reports rejection probabilities for Test MR and Test SS after “size-correcting” the critical values

to make the null rejection probabilities at the boundary (i.e. at 87 = 0.19 or 3 = 0.56) equal to the nominal
level @ = 0.10. In the case of the first coordinate, the size-adjusted power of Test MR and Test SS are

identical, suggesting that the power differences in the right panel of Figure 1 are due to better size control.
On the contrary, inference for the second coordinate exhibits a size-adjusted power of Test MR consistently
above that of Test SS by about 0.04-0.05. We note that this model is not symmetric in its coordinates, so

it would be expected to observe differences in performance across coordinates.
The results of the simulations are consistent with the theoretical results in Theorems 2.1 and 3.2, Corollary

3.2, and Remark 3.5. They illustrate a concrete case where Test MR provides strictly higher power than Test
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H() Hl

6; =0.19 6, =018 6, =017 6; =016 6;=0.15 6;=0.14
Rejection Rate
Test MR 0.10 0.24 0.50 0.77 0.93 0.99
Test SS1 0.10 0.25 0.50 0.77 0.93 0.99
Test SS2 0.10 0.16 0.36 0.64 0.87 0.97

HD Hl

02 = 0.56 02 =0.57 62 =058 602 =0.59 62=0.60 62 =0.61
Rejection Rate
Test MR 0.10 0.17 0.33 0.57 0.78 0.92
Test SS1 0.10 0.14 0.28 0.51 0.73 0.90
Test SS2 0.10 0.06 0.13 0.28 0.51 0.73

Table 1: Size Adjusted Rejection probabilities for Test MR and Test SS. In all cases n = 1,000, a = 0.10 and MC = 2, 000.

BP and Test SS. But the simulations reveal additional features. For example, in all our simulations the finite
sample behavior of Test MR is insensitive to the choice of k,, while the finite sample behavior of Test SS is
highly sensitive to the choice of b,. The simulations also illustrate that Test BP can be highly conservative
and suffer from low power. Finally, note that Test SS can perform similarly to Test MR whenever b, is
appropriately chosen and the conditions in Assumption A.11 are not met - to the right (left) of ©;(F) for
01 (62).

5 Concluding remarks

In this paper, we introduce a test, denoted Test MR, for the null hypothesis Hy : f(0) = =y, where f(-) is
a known function, g is a known constant, and 6 is a parameter that is partially identified by a moment
(in)equality model. Our test can be used to construct CS’s for f(6) by exploiting the well-known duality
between tests and CS’s. The leading application of our inference method is the construction of marginal
CS’s for individual coordinates of a parameter vector #, which is implemented by setting f(6) = 6, for

s=1,...,dy and collecting all values of vy € I" for which Hj is not rejected.

We show that our inference method controls asymptotic size uniformly over a large class of distributions of
the data. The current literature describes only two other procedures that deliver uniform size control for these
types of problems: projection-based and subsampling inference. Relative to projection-based procedure, our
method presents three advantages: (i) it weakly dominates in terms of finite sample power, (ii) it strictly
dominates in terms of asymptotic power, and (iii) it is typically less computationally demanding. Relative
to a subsampling, our method presents two advantages: (i) it strictly dominates in terms of asymptotic
power (for reasonable choices of subsample size), (ii) it appears to be less sensitive to the choice of its tuning

parameter than subsampling is to the choice of subsample size.

There are two interesting extensions of the test we propose that are worth mentioning. First, our
paper does not consider conditional moment restrictions, c¢.f. Andrews and Shi (2013), Chernozhukov et al.
(2013), Armstrong (2011), and Chetverikov (2013). Second, our asymptotic framework is one where the
limit distributions do not depend on tuning parameters used at the moment selection stage, as opposed to
Andrews and Barwick (2012) and Romano et al. (2013). These two extensions are well beyond the scope of

this paper and so we leave them for future research.
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Appendix A Notation and computational algorithm

Throughout the Appendix we employ the following notation, not necessarily introduced in the text.

Po {FE'P@I(F)#@}

L {(v,F): FeP,veT}

O(y) {0€0:f(0)=n}
O1(F,y) {0€Or(F): f(0) =~}

EO {(’Y,F)FEP,’YEF,@](F,’Y)#@}

Or(v)  {0€0(7):Qn0) <Tu(v)}
O™ (y) {0 €0():S(VnEs, [n(W,0)],%r,(0)) <Ink,}
Anr(7) {(0,0) € O() x RF : € = /aD /() Eplm(Wi,0)]}

) %

ASS () {(0,0) € O(y) x R* : £ = Vb, DV (0) Ep[m(W, 0)]}
AR (y)  {(6,0) € ©(7) x RF : £ = k' /nDp ' (0) Ep[m(Wi, 0)]}
ABL(v) {(6.6) € 09 (7) x RF : € = &, /nD /2 (8) Er [m(W, 0)]}

Table 2: Important Notation

For any v € N, 0, is a column vector of zeros of size u, 1, is a column vector of ones of size u, and I, is the
u X u identity matrix. We use Ry = {z € R: 2 > 0}, Ry =Ry U {0}, Ry oo = Ry U{+00}, Ryo) = RU {400},
and Riio) = R U {Fo0}. We equip Rf} . with the following metric d. For any z1,22 € Ry, d(z1,32) =
(X (Graa) — G(:Eg,i))2) , where G : Ri.o) — [0,1] is such that G(—oc0) = 0, G(co) = 1, and G(y) = ®(y) for
y € R, where ® is the standard normal CDF. Also, 1{-} denotes the indicator function.

Let C(©?) denote the space of continuous functions that map ©% to ¥ and S(© x ]Rf“ioo]) denote the space of
compact subsets of the metric space (O x Rfioo],d). In addition, let dg denote the Hausdorff metric associated
with d. We use “” to denote convergence in the Hausdorff metric, i.e., A, LB = du(An, B) — 0. Finally,
for non-stochastic functions of § € @, we use “%” to denote uniform in 6 convergence, e.g., Qp, — Q <+
Supg grco d(Qr, (0,60"),9(0,0")) — 0. Also, we use 2(6) and (6, 6) equivalently.

We denote by [°°(0©) the set of all uniformly bounded functions that map © — R*, equipped with the supremum
norm. The sequence of distributions {F, € P},>1 determine a sequence of probability spaces {(W, A, Fy,)}n>1.
Stochastic processes are then random maps X : W — [°°(©). In this context, we use “i”, “«Br and ““37 to denote
weak convergence, convergence in probability, and convergence almost surely in the [°°(0) metric, respectively, in the
sense of van der Vaart and Wellner (1996). In addition, for every F' € P, we use M(F) = {D;1/2(0)m(-, 0) : W — R*}
and denote by pr the coordinate-wise version of the “intrinsic” variance semimetric, i.e.,

pr(0,0) = | {Vi o3 Oy (.0) = o5 0 ons 0,0)] 7 (A1)

j=1

A.1 Algorithm for Test MR

Algorithm A.1 below summarizes the steps required to implement Test MR as defined in Section 2. A few aspects are
worth enphasizing. Note that in line 3 a matrix of n X B of independent N (0, 1) is simulated and the same matrix is
used to compute T (v) and TF2(y) (lines 25 and 26). The algorithm involves 2B 4 1 optimization problems (lines
22, 25, and 26), however solving this problem is typically significantly faster than computing Test BP, which requires
a way to compute a test statistic and a quantile for each § € ©. Relative to subsampling, Test MR does not need
to resample from the original data at each b = 1,..., B (line 24), which speeds up computation in our simulations.

These computational advantages are even more noticeable when computing a confidence set (as in Remark 2.4).
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Algorithm A.1 Algorithm to Implement the Minimum Resampling Test

1: Inputs: v, O, k,, B, f(-), ¢(-), m(:), S(), « > We set: k, = VInn.
2: O(y) {0 cO: fO) =7} > Restriction set
3: ¢ < n x B matrix of independent N(0,1) > Normal Draws needed for Test MR

4: function QSTAT(type, 0, {W;}r,, {G1,) > Computes Criterion Function for a given 6
5: mn(0) <~ n= 130 m(W;,0). > Moments for a given 6
6 D, (8) + Diag(var(m(W;,0))). > Variance matrix for a given 6
7: Q. (0) cor(m(W;, 0)) > Correlation matrix for a given 6
8 o2 i(0) D, (0)[4, 4] > Variance of the j-th moment for a given 6
9: 1f type 0 then > Type 0 is for Test Statistic
10: v(0) < /nim,(6) > Scaled average
11: £(0) < Okx1 > Test Statistic does not involve £
12: else if type=1 then > Type 1 is for Test R1
13: v(0)  n~ V2T (m(W5,0) — m,(0))¢ > Define Stoch. process
) ol Dy P 0)ma(0)

15: else if type=2 then > Type 2 is for Test R2
16: v(0) < n 230 (m(W;,0) — ma(0))G > Define Stoch. process
17: 06) + K, 1\fD_1/2(0)mn(0)

18: end if
19:  return Q(0) « S(v(0) + £(0),2,(0))

20: end function

> Test MR
> Compute Test Statistic

> Estimated null identified set

21: function TESTMR(B, {W;}™, ¢, O(y), «)
22: T, + mingeg(,) QSTAT(0,0, {W;}iL,)
23: O1(y) « {0 € O(7) : QsTaT(0,0, {W;}1_,) < Tp.}

24: for b=1,...,B do

25: TRl[ ] < mingeg () QSTAT(L, 0, {Wi iy, ([, b]) > type=1. Uses bth column of ¢
26: TE2[b] < mingee ) QSTAT (2, 6 {Witr_1, ¢ b)) > type=2. Uses bth column of ¢
27: TMEB] « min{TF [b], TH2[b)

28: end for

29: eME « QUANTILE(TME 1 - q) > TME is B x 1. Gets 1 — a quantile
30: return M2 « 1{T,, > ¢ME} > Reject if Test statistic above MR critical value

31: end function

Appendix B Assumptions

Assumption A.1. For every FF€ Pand j =1,...,k, {U;}j (0)m;(-,0) : W — R} is a measurable class of functions

indexed by 6 € ©.
Assumption A.2. The empirical process vy, () with j-component

g (0) = n"2opk0) Y (mi(Wi,0) = ma;(0), j=1....k, (B-1)

is asymptotically pp-equicontinuous uniformly in F' € P in the sense of van der Vaart and Wellner (1996, page 169).

This is, for any € > 0,

0 nooo FeP pr(0,07)<8

%i{nlimsup sup Pp < sup  ||vn(0) — va(0)]] > 6) =0,

where Pf denotes outer probability and pr is the coordinate-wise intrinsic variance semimetric in (A-1).
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Assumption A.3. For some constant ¢ >0 and all j =1,... )k,

m; (W, 0) 2+a:| <00 .

E
rep or.;(0)

FeP

sup
0€o

Assumption A.4. For any F € P and 0,60’ € ©, let Qr (0,0') be a k x k correlation matrix with typical [j1, jo]-

component

QF(9 9/)[4 = Ep [(mjl(w,e)fEF[mjl(W,e)]) (mj2(W,e’)fEF[mjz(W,e’)])]
) J1,d2] = :

oF,j; (0) o,y (07)
The matrix Qg satisfies

%irg sup sup ||Qr(61,601) — Qr(62,65)|| =0
Y| (01,07)—(02,0)|| <5 FEP

Remark B.1. Assumption A.l is a mild measurability condition. In fact, the kind of uniform laws large numbers
we need for our analysis would not hold without this basic requirement (see van der Vaart and Wellner, 1996, page
110). Assumption A.2 is a uniform stochastic equicontinuity assumption which, in combination with the other three
assumptions, is used to show that, for all j = 1,...,k, the class of functions {O’;,; (@)m;(-,0) : W — R} is Donsker
and pre-Gaussian uniformly in F' € P (see Lemma C.1). Assumption A.3 provides a uniform (in F' and 0) envelope
function that satisfies a uniform integrability condition. This is essential to obtain uniform versions of the laws of
large numbers and central limit theorems. Finally, Assumption A.4 requires the correlation matrices to be uniformly

equicontinuous, which is used to show pre-Gaussianity.

Assumption A.5. Given the function ¢(-) in (2.6), there is a function ¢* : Rfioo] — Rﬁm] that takes the form
90*(6) = (@T(€1)7 ) (10;(617)? Ok*P) a‘nda fOI‘ a'll ] = 17 Ry 2

(a) ©j(&) = ¢;(&;) for all & € Rijoo)-

(b) ¢j(-) is continuous.

(c) ¢j (&) =0 for all §; <0 and ¢} (co) = oo.

Remark B.2. Assumption A.5 is satisfied when ¢ is any of the the functions ¢ — p®) described in Andrews and
Soares (2010) or Andrews and Barwick (2012). This follows from Bugni et al. (2013, Lemma D.8).

Assumption A.6. For any {(vn,Fn) € Lo}n>1, let (A, Q) be such that Qp, =% Q and Ay, r, (1n) L A with
(Q,A) € C(0) x S(© % Rf op) and A r, (75) as in Table 2. Let c(1—a)(A,2) be the (1 — a)-quantile of J(A,Q) =
inf(.g’g)eA S(UQ(@) + f, Q(Q)) Then,

(a) If ca—a)(A, Q) > 0, the distribution of J(A, ) is continuous at c(1—_q) (A, ).
(b) If c(1—a)(A, Q) = 0, liminf, o Pr, (Tn(yn) = 0) > 1 — «, where T5,(7s) is as in (2.3).

Remark B.3. Without Assumption A.6 the asymptotic distribution of the test statistic could be discontinuous at
the probability limit of the critical value, resulting in asymptotic over-rejection under the null hypothesis. One could
add an infinitesimal constant to the critical value and avoid introducing such assumption, but this introduces an
additional tuning parameter that needs to be chosen by the researcher. Note that this assumption holds in Examples

3.1 and 3.2 where J(-) is continuous at = € R.

Assumption A.7. The following conditions hold.
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(a) For all (v, F) € Lo and 0 € O(y), Qr() > cmin{d,infj g, () |10 — 6]/} for constants ¢,d > 0 and for x as in
Assumption M.1.

(b) O(v) is convex.

(¢) The function gr(0) = D;1/2(0)EF [m(W, 0)] is differentiable in 6 for any F' € Po, and the class of functions
{Gr(0) = 0gr(0)/00' : F € Py} is equicontinuous, i.e.,

lim sup IGr(0) = Gr(#)]| =0
020 Fepy,(6,0'):[10-0]1<5

Remark B.4. Assumption A.7(a) states that Qr(0) can be bounded below in a neighborhood of the null identified
set ©;(F,v) and so it is analogous to the polynomial minorant condition in (Chernozhukov et al.; 2007, Egs. (4.1)
and (4.5)). The convexity in Assumption A.7(b) would be implied by the parameter space © being convex and the
function f(-) being linear. Finally, A.7(c) is a smoothness condition that would be implied by the class of functions
{Gr(0) = dgr(0)/00' : F € Po} being Lipschitz. These three parts are a sufficient conditions for our test to be
asymptotically valid (see Lemmas C.7 and C.8). One could create examples in which Assumption A.7 is violated
and our test still controls asymptotic size. We however present the results this way as the sufficient conditions in

Assumption A.7 are easier to interpret than the conditions that appear in the conclusions of Lemmas C.7 and C.8.

Assumption A.8. The sequences {kn}n>1 and {bn}n>1 in Assumption M.2 satisfy limsup,, , . Kny/bn/n < 1.

Remark B.5. Assumption A.8 is a weaker version of Andrews and Soares (2010, Assumption GMS5) and it holds

for all typical choices of k., and b,,. For example, it holds if we use the recommended choice of k,, = VInn in Andrews

and Soares (2010, Page 131) and b, = n° for any ¢ € (0,1). Note that the latter includes as a special case b, = n?/3,

which has been shown to be optimal according to the rate of convergence of the error in the coverage probability (see
Politis and Romano, 1994; Bugni, 2010, 2014).

Assumption A.9. For vy € I, there is {y» € I'}n>1 such that {(yn, Fn) € Lo}n>1 satisfies
(a) Foralln e N, O;(F,) NO(y) =0 (i.e. (70, Fn) & Lo),

(b) dr(8(1n),8(%)) = O(n~1/2),
(c) For any 0 € ©, s, GF, (6) = o(1).

Assumption A.10. For vy € I" and {7n €Tl'},>1asin Assumptlon A9, let (Q A, A5 AR € C(07) XS(GXRHEOO )3
be such that Qp, 50, An,pn(%) — A, An Fn(%) S ARZ Aban('yo) H ASS for An.r, (70), AﬁFn(fyo), and
Afipn (7o) as in Table 2. Then,

(a) The distribution of J(A, Q) is continuous at ¢;_o (A%, Q).
(b) The distributions of J(A, ), J(A®®,Q), and J(AT? Q) are strictly increasing at = > 0.

Assumption A.11. For vy € T, there is {y» € I'},>1 such that {(yn, Frn) € Lo}n>1 satisfies

(a) The conditions in Assumption A.9.

(b) There are (possibly random) sequences {6, € O1(F,)}n>1 and {0, € O(y0)}n>1 such that,

SV (), £ (01)) — Tn(v0) = 0p(1).
ii. )\,LE\/ﬁ( D3 (60) Er, [m(W, 6,)] — D3/ (80) Er, [m(W, 6, )]) — AERE
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ifi. /nDp 2 (0n)Er, [m(W,0.)] & (h, 0k ) with h € RF, _, and k' v/nDp?(00) Er, [m(W, 0,)] 5 (7,01 )
with 7 € R[p+oo]. Also, 0, — 6* = 0,(1) for some 6* € ©.

(¢) There are (possibly random) sequences {05° € ©1(F)}n>1 and {655 € ©(70)}n>1 such that,
i. Conditionally on {W;}7, S(\/Emff(é;fs), iff(é;?s)) —T3%(y0) = 0p(1) aus.
i ASS = VBa (D) (055) B, [m(W, 055)] = Dy (85%) Er, [m(W, 05)]) — 0.

iii. \/an;i/Q(é;?S)Epn [m(W,05°)] 2 (9,0k_,) with g € Rﬁ_w]. Also, conditionally on {W;}7_;, 655 — 6* =

op(1) a.s., where 0™ is as in part (i).
(d) g; < m; for some j=1,...,p.

(e) Aj < —h; for some j < p or |A\j| # 0 for some j > p.

The literature routinely assumes that the function S(-) in (2.1) satisfies the following assumptions (see, e.g.,
Andrews and Soares (2010), Andrews and Guggenberger (2009), and Bugni et al. (2012)). We therefore treat the
assumptions below as maintained. We note in particular that the constant x in Assumption M.1 equals 2 when the

function S(+) is either the modified methods of moments in (3.14) or the quasi-likelihood ratio.

Assumption M.1. For some x > 0, S(am,Q) = aXS(m, Q) for all scalars a > 0, m € R¥, and Q € .

Assumption M.2. The sequence {k;,}n>1 satisfies kK, — oo and kn/y/n — 0. The sequence {by},>1 satisfies
b, — o0 and b, /n — 0.

Assumption M.3. For each v € I, ©(~) is a nonempty and compact subset of R% (dy < o0).

Assumption M.4. Test BP is computed using the GMS approach in Andrews and Soares (2010). This is, ¢Z7(+)
in (3.5) is based on CSp(l — ) = {0 € © : Qn(0) < én(0,1 — a)} where ¢,(0,1 — o) is the GMS critical value
constructed using the GMS function ¢(-) in (2.6) and thresholding sequence {xy }»>1 satisfying Assumption M.2.

Assumption M.5. The function S(-) satisfies the following conditions.

(m1,m2),Y) is non-increasing in mz, for all (m1,m2) € Rﬁ_w] x R*~P and all variance matrices ¥ € RF*¥,
,¥) = S(Am, AXA) for all m € R*, ¥ € R¥**and positive definite diagonal A € RF**,

Q) >0forallmeRF and Q € ¥,

Q) is continuous at all m € ]Rfioo] and Q2 € ¥.

Assumption M.6. For all h; € Rﬁw] x RF7P all Q € ¥, and Z ~ N (0k,9Q), the distribution function of
S(Z+h1,Q) at z €R

a

b

(a) is continuous for z > 0,
(

is strictly increasing for z > 0 unless p = k and h; = oo?,

(
(

(oW

)
)
c¢) is less than or equal to 1/2 at £ = 0 when k > p or when k = p and hq,; =0 for some j =1,...,p.
) is degenerate at © = 0 when p = k and h1 = ooP.

)

(e) satisfies P (S (Z + (m1,0,—p),Q) <z) < P(S(Z+ (m},0k—p),) <z) for all x > 0 and all mi,mj; € R?

[+o0]
with m1; <mj; forall j=1,...,p and mi; < mj ; for some j=1,...,p.

Assumption M.7. The function S(-) satisfies the following conditions.
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(a) The distribution function of S(Z, Q) is continuous at its (1 — a)-quantile, denoted c(1_q)(£2), for all Q € ¥, where
Z ~ N (04,9) and « € (0,0.5),

(b) c(1—a)(£2) is continuous in Q uniformly for Q € .

Assumption M.8. S(m,Q) > 0 if and only if m; < 0 for some j = 1,...,p or mj; # 0 for some j =p+1,...,k,
where m = (m1,...,mi)" and Q € ¥. Equivalently, S(m,) = 0 if and only if m; >0 forallj=1,...,pand m; =0
forall j =p+1,...,k, where m = (m1,...,my) and Q € V.

Assumption M.9. For all n > 1, S(y/nim,(0), £(0)) is a lower semi-continuous function of 6 € ©.

Appendix C Auxiliary results

C.1 Auxiliary theorems

Theorem C.1. Suppose Assumptions A.1-A.J hold. Let A% (v) be as in Table 2 and T (y) be as in (2.12). Let
{(yn, Fn) € Lo}n>1 be a (sub)sequence of parameters such that for some (Q,A™?) € C(0%) x S(© x ]Rﬁoo]): (i)
Qr, = Q and (ii) A%, (7n) = L A2 Then, there exists a further subsequence {un}n>1 of {n}n>1 such that, along
{Fun }n217

T2 (YW JAT2 Q)= inf  S(va(0)+£,Q(0 5.
(T2 (Y, ) AW Y1} 5 J( ) 0.0 (va(0) +£,920)), as. ,

where vg : © — R¥ is a tight Gaussian process with covariance (correlation) kernel Q.

Theorem C.2. Suppose Assumptions A.1-A.5 hold. Let A% () and A'z(v) be as in Table 2, and let T*(v) and
TEY () be as in (2.12) and

T ()= inf Sa(0) + 9" (k' VDL 2 (0)ma(6)), 2 (6)) (C-1)

oee7™ (7)

where v} (0) is as in (2.8), ©*() is as in Assumption A.5, and ©5"(y) is as in Table 2. Let {(yn, Fn) € Lo}n>1
be a (sub)sequence of parameters such that for some (Q, A" AT?) € C(0?%) x S(© x Rﬁm])g: (i) Qr, 5 Q, (i)
AR () = L AR and (i) A% (n) L A2 Then, there ezists a further subsequence {un}tn>1 of {n}n>1 such
that, along {Fu, }n>1,

(min{T (v, ), T2 (YW ioa } 5 J(AME,Q) = inf - S(va(6) +£,Q(0)), a.s. ,
(G,Z)EAMR

where vo : © — R¥ is a tight Gaussian process with covariance (correlation) kernel Q,
AME= AP UAT and AT ={(0,0) € © X Riog) 1 £ = " (¢') for some (6,¢') € A"} . (C-2)

Theorem C.3. Suppose Assumptions A.1-A.J hold. Let Ay” n(v) be as in Table 2 and TS (v) be as in (3.8). Let
{(Yn, Fn) € Lotn>1 be a (sub)sequence of parameters such that for some (Q,A%%) € C(©?%) x S(© x Rfioo]): (i)
Qp, = Q and (ii) A 5 () L ASS . Then, there exists a further subsequence {un}tn>1 of {n}n>1 such that, along
{Fun }nZl,

5S 5S .
{T2” (Yun ){Witiz1 } 4 J(A®7,Q) = (e,z%ass S(va(8) +¢,2(0,0)), as. ,

where vg : © — RF is a tight Gaussian process with covariance (correlation) kernel Q.

Theorem C.4. Suppose Assumptions A.1-A.J hold. Let An r(7y) be as in Table 2 and Tn(vy) be as in (2.3). Let
{(¥n, Fn) € Lo}n>1 be a (sub)sequence of parameters such that for some (2, A) € C(0%) x S(© XR leoo])? (1) O, YY)
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and (i) An,F, (7n) LA, Then, there exists a further subsequence {un}n>1 of {n}n>1 such that, along {Fy, }n>1,

T, () 5 J(A, Q) = (elngS(m( )4 £,9Q(0)), asn — oo ,
6

where vg : © — RF is a tight Gaussian process with zero-mean and covariance (correlation) kernel Q.

C.2 Auxiliary lemmas

Lemma C.1. Suppose Assumptions A.1-A.J hold. Let {F,, € P}n>1 be a (sub)sequence of distributions s.t. Qr, 5 Q
for some Q € C(©%). Then, the following results hold:

1. vy % vg in 1°(0©), where vg : © — RF is a tight zero-mean Gaussian process with covariance (correlation)
kernel Q). In addition, va is a uniformly continuous function, a.s.

Qn 5 Qini=(0).

DR (DY) — I B 0 in 1°(O).

DDA () — I B 01, in 17(O).

Qn 5 Q in1°(0).

For any arbitrary sequence {A, € Riy}n>1 8.t An = 00, Aylvn 2 Ok in 1°°(0).

For any arbitrary sequence {An € Ryt n>1 8.t An — 00, A\ ' 2 O in 1°(O).

{vs {Wi}tiei} 2 v in 1°(0) a.s., where vq is the tight Gaussian process described in part 1.

{o SsHW} iy 4 vo i 1°°(©) a.s., where

© % RN S G o

T (0) fZ Dl 2(0)(m(WS,0) — ma(0)) (C-3)

{WFESYn | is a subsample of size b, from {W;}i—y, and va is the tight Gaussian process described in part 1.

10. For 3%(0) = DR 2(0)S55(0) Dy /2 (0), {955 {Wikii} B Q in 1°(0) a.s.

Lemma C.2. Let Assumptions A.1-A./J hold. Then, for any sequence {(’yn7 n) € L}n>1 there emsts a subsequence
{un}ns1 of {n}az1 st Qe B Q, Ay iy, () 2 A, A2 £ () 2 A2, and AT 5, (a,) 2> AR, for some
(9, A, AT AR2) € C(0) x S(© x Rioo]) , where An.r, (), Al (v), and Af% () are defined in Table 2.

Lemma C.3. Let {F, € P},>1 be an arbitrary (sub)sequence of distributions and let X, (0) : Q@ — 1°°(©) be any
stochastic process such that X, = 0 in [°°(©). Then, there exists a subsequence {un}n>1 of {N}n>1 such that
Xu, 230 in 1°°(0).

Lemma C.4. Let the set A be defined as follows:

Az{xeRHm] ka_p:max{ max {[m]] },_max k{\xs\}}:l} : (C-4)

Jj=1 s=p+1,...,
Then, inf<z,Q)GA><\p S(l‘, Q) > 0.
Lemma C.5. If S(z,Q) <1 then there exist a constant w > 0 such that x; > —w for all j < p and |z;| < w for all
J>p-

Lemma C.6. The function S satisfies the following properties: (i) x € (—oo, 00]? x R*™P implies SUpoey S(z, Q) <
00, (i) & & (—oo,oc]? x RFP implies infaey S(z, Q) = oo.

Lemma C.7. Let (Q,A, A% € C(@Q)XS(OXRH:OO]) be such that Qr, = Q, A, r, (Yn) LA, and A% () £>~ ARY
for some {(yn, Fn) € Lo}n>1. Then, Assumptions A.5 and A.7 imply that for all (0,£) € AT there exists (0,£) € A
with 0; > ©;(l5) for j < p and lj=1t; =0 for j > p, where *(-) is defined in Assumption A.5.
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Lemma C.8. Let (Q,A,A™?) ¢ C(®2)><‘S‘(®><]Rf“ﬂ:oo])2 be such that Qr, = Q, A, r, (Vn) LA, and A% () BAR2,
for some {(Yn, Fn) € Lo}n>1. Then, Assumption A.7 implies that for all (6,¢) € AR? with £ € Rﬁ x RF7P there
exists (0,0) € A with £; > ¢; for j <p and l; = {; for j > p.

oo

Lemma C.9. Let Assumptions A.1-A.4 and A.7-A.9 hold. For vo € T' and {vyn € I'}n>1 as in Assumption A.9,
assume that Qp, = Q, An,r, (70) = A, A%, (y0) 2 A2, ASS 1 (q0) 25 A5, AT () 5 AR2, and AFS () 2
AS® for some (Q, A, A5, A2 A5 AB2) € C(©%) x S(O© x Rfioo])s. Then,

C(l,a)(ARQ,Q) S C(lfa) (ASS,Q) .
Lemma C.10. Let Assumptions A.1-A.j and A.7-A.11 hold. Then,

liminf (Er, [67°(0)] — B, [67° (0)]) > 0.

Appendix D Proofs

D.1 Proofs of the main theorems
Proof of Theorem 2.1. We divide the proof in six steps and show that for n > 0,

limsup sup Pr(Tn(y) > N F(y,1—a)+n) < a.
n—oo (v,F)eLo

Steps 1-4 hold for n > 0, step 5 needs n > 0, and step 6 holds for = 0 under Assumption A.G.

Step 1. For any (v, F) € Lo, let T () be as in (C-1) and &% (v,1 — ) be the conditional (1 — a)-quantile of
min{TF (v), TF?(y)}. Consider the following derivation

Pp(Ta(y) > ea " (v,1—a)+n) < Pr(Tu(y) > & (7,1 —a) +n) + Pe(en ™ (v,1—a) <& (v, 1 - )

< Pp(Tu(y) > &% (v,1—a) +0) + Pr(O:1(y) £ OF (7)) ,

where the second inequality follows from the fact that Assumption A.5 and é¥%(y,1 — a) < (4,1 — a) imply

that ©7(y) € ©'"""(v). By this and Lemma D.13 in Bugni et al. (2013) (with a redefined parameter space equal to
O(y)), it follows that

limsup sup Pr(Th(y) > ¥ F(v,1—a)+n) <limsup sup Pr(T.(y) > (y,1—a)+1n).

n—oo (v,F)ELy n—oo (y,F)ELy

Step 2. By definition, there exists a subsequence {an}n>1 of {n},>1 and a subsequence {(Va,,, Fa,)}n>1 s.t.

limsup sup  Pr(Tu(7) > éx' (v, 1= a) +n) = lim Pr, (Ta, (Yan) > Gon (Yan, 1 — ) +1) . (D-1)
n—oo (’Y,F)Eﬁo n—oo

By Lemma C.2, there is a further sequence {un}n>1 of {an}n>1 s.t. QF, A0, Ay Fo,, (Yun) e A, Af’i’Fun (Y ) A

AR and Agj,Fun (Yun) L AR for some (A AR AR2) € C(h) x S(O x Rﬁ:w])g. Since Qp, = Q and
Ay Py, (Yun) X A, Theorem C.4 implies that T, (Vun) KX J(A, Q) = inf g pyen S(va(0)+£,Q(0)). Similarly, Theorem
C.2 implies that {min{T" (yu, ), T (yu,  H{W:}izy } 5 J(AMF, Q) as.

Step 3. We show that J(AMT, Q) > J(A, Q). Suppose not, i.e., 3(6,£) € ARTUAT? s.t. S(va(0)+£,Q(0)) < J(A, Q).
If (6,0) € AF* then by definition 3(8,#) € A s.t. ©*(£') = £ and S(va(0) + ©*(¢),Q(0)) < J(A,Q). By Lemma
C.7,3(6,0) € A where £; > @i (t;) for j < p and £; =0 for j > p. Thus

S(va(0) +£,Q(0)) < S(va(8) + ¢ (¢'),Q0)) < J(A,Q) = ir;t;A S(va(0) +£,9(00)) ,

’
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which is a contradiction to (9717) € A. If (0,£) € A™? we first need to show that £ € R’[JJFOO] x R*~P. Suppose not, i.e.,
suppose that £; = —oo for some j < p or |¢;| = oo for some j > p. Since vg : © — R* is a tight Gaussian process,
it follows that vg ;(6) + £; = —oo for some j < p or |vn,;(0) + £;| = oo for some j > p. By Lemma C.6, we have
S(va(8) +¢,2(0)) = oo which contradicts S(va () +¢,Q(0)) < J(A,Q). Since £ € RY, X R*~P, Lemma C.8 implies
that 3(0,¢) € A where £; > ¢; for j < p and ¢; = ¢; for j > p. We conclude that

S(va(6) +1,2(6)) < S(va(0) +£,9(6) < J(A,Q) = inf S(va(®) +£,96)) ,

which is a contradiction to (6, ¢) € A.

Step 4. We now show that for ¢1_q)(A, Q) being the (1 — a)-quantile of J(A, ) and any € > 0,

lim P, (22 (1 — @) < 1y (A,2) —2) = 0. (D-2)
Let € > 0 be s.t. c(1—a)(A, ) — € is a continuity point of the CDF of J(A, ). Then,

lim Pr,,, (min{T5 (10,), T2 ()} < camay (A, Q) — e[ {Widiz ) = P (JAM™,Q) < eqoa)(4,2) — <)

< P(JAQ) <ca—a)(AQ) —e)<1l-a,

where the first equality holds because {min{T(vu, ), TF2(vu, ) }{Wi}ir, } 4 J(AME Q) a.s., the second weak

inequality is a consequence of J(AM% Q) > J(A,Q), and the final strict inequality follows from c(1—a) (A, Q) being
the (1 — a)-quantile of J(A, Q). Next, notice that

{lim Pr, (10(111(1{7~‘£l1 (Yun)s T2 (Yun )} < €(1—a) (A, Q) — E’ {W; ;21) <1l- a} C {lim inf{E (1 — @) > c1—a)(A, Q) — 5}} .

Since the RHS occurs a.s., then the LHS must also occur a.s. Then, (D-2) is a consequence of this and Fatou’s

Lemma.

Step 5. For nn > 0, we can define € > 0 in step 4 so that n — & > 0 and ¢4 (A, Q) + 7 — € is a continuity point
of the CDF of J(A, ). It then follows that

PFun (Tun (’Y“n) > é’ﬁ/{LR(’yuyw 1- CY) + 77) S PFun (afftR(’Y“n’ 1- a) S C(1—a) (A7 Q) - 6)

+1=Pr,, (Tup(Yun) < ca-a) (A, Q) +1—¢) . (D-3)
Taking limit supremum on both sides, using steps 2 and 4, and that n —e > 0,

limsup Pr,, (Tun (Yun) > Cuy (Yuns 1 — @) + n) <1-P(JAQ) <caa)A,Q+n—c)<a.

n—o0
This combined with steps 1 and 2 completes the proof under n > 0.

Step 6. For n = 0, there are two cases to consider. First, suppose c1_q)(A, Q) = 0. Then, by Assumption A.6,

limsup Pr,, (Tu, (Yu,) > &, (Yun, 1 = a)) < limsup Pr,, (Tu, (yu,) #0) < o

n—00 n—00

The proof is completed by combining the previous equation with steps 1 and 2. Second, suppose c(1_qa)(A, £2) > 0.
Consider a sequence {em}m>1 8.t. €m | 0 and ¢(1_q)(A, Q) — €, is a continuity point of the CDF of J(A, Q) for all
m € N. For any m € N, it follows from (D-3) and steps 2 and 3 that

limsup Pr,,, (Tu, (Yun) > Gy (Yuns 1 = @) £ 1= P(J(A,9) < ca-a)(A, Q) —em) -

n—oo

Taking &,, | 0 and using continuity gives the RHS equal to a. Combining the previous equation with steps 1 and 2

completes the proof. O
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Proof of Theorem 3.1. This proof follows identical steps to those in the proof of Bugni et al. (2013, Theorem 6.1)

and is therefore omitted. O

Proof of Theorem 3.2. Suppose not, i.e., suppose that liminf(Erg, [¢Z2(v0)] — Er, [¢5° (10)]) = —6 < 0. Consider a

subsequence {kn}n>1 of {n},>1 such that,
Pr, (T, (70) > ciz (0,1 — @) = Er, [612 ()] < Ery, [6i (70)] — /2 = Pr, Tk, (70) > ¢ (70,1 — ) = §/2,

or, equivalently,
Pry., (T, (0) < 7 (30,1 = @) +6/2 < Pry,, (Tho, (70) < & (70,1 = @) - (D-4)

Lemma C.2 implies that for some (Q, A, AF2 A% AB? A5%) € C(©?%) x §(© x Rﬁm])s, QrF, A0, Aka,Fkn (70) A
AR2, Akankan (70) HASS, Aff!Fkn (V&) B A2 and Alii,Fkn (Y&,,) X ASS. Then, Theorems C.4, C.1, and C.3
imply that Tk, (v0) % J(A, Q), {TF2(q0) {Wi}in, } 5 J(A"2,Q) as., and {1355 (vo) {Wi}n,} 5 J(AS,Q) as.

We next show that cf2(v0, 1—a) “3" e1-a (A2, Q). Let € > 0 be arbitrary and pick & € (0,¢€) s.t. c(1_qa) (A, Q)+&
and c(1_q) (A, Q) — & are both a continuity points of the CDF of J(A®, Q). Then,

lim Pr,, (Ti2 () < cama) (A, Q) + E{Witis,) = P(J(A™,Q) < c1-a)(AZ,Q) +8) >1—a as., (D-5)

n— o0

where the first equality holds because of {T}7*(yo)[{Wi}i,} 4 J(AT? Q) as., and the strict inequality is due to
£> 0 and c(1_q) (A, Q) + & being a continuity point of the CDF of J(A, Q). Similarly,

lim Pr,, (Ti2 () < cama)(A™,Q) — {Witis,) = P(J(A™,Q) < ca_a)(AZ,Q) —8) <1—a . (D-6)

n—00

Next, notice that,
{Jim Pr, (T8200) < ooy (A", Q+£1(W} ) > 1-0} € {liminf{cf (20, 1-0) < camoy (A", D421}, (D)
with the same result holding with —¢ replacing €. From (D-5), (D-6), (D-7), we conclude that
Pen(liminf{|ci? (70,1 = a) = ca-a) (A, Q)| < e}) =1,
which is equivalent to cf2(v0,1 — @) “3 c(1_a) (A2, ). By similar arguments, c;,° (70,1 — @) “3" c1-a) (A%, Q).
Let £ > 0 be s.t. ¢(1-q) (A%, Q) — ¢ is a continuity point of the CDF of J(A, ) and note that

Pr,,, (Ti, (10) < €& (70,1 = @) = Pr,, ({Tk, (0) < ea-a)(A%%,Q) =} N {ei (0,1 = @) = ca-a) (A7, Q) —¢})
+ Pry, ({Ti, (0) < 687 (0, 1 = @)} N {eil) (0,1 = @) < camay (A7, Q) —€}) .

Taking lim inf and using that Tk, (7o) 4 J(A, Q) and ¢ (v0,1 — @) “3 c(1-a) (A%, Q), we deduce that

liminf Pr,, (T, (0) < £ (0, 1 = @) 2 P(I(A,9) € eaa (A5, 2) &) . (D-8)
Fix e > 0 arbitrarily and pick & € (0,¢) s.t. c(1_a) (A, Q) + ¢ is a continuity point of the CDF of J(A, ). Then,
Pr,, (Tk, (70) < ciir(0,1 — ) < Pry (Th, () < €—ay(A?,Q) +8) + Pry (ci? (70,1 — @) > ca—a) (A2, Q) +8) .

Taking lim sup on both sides, and using that T%,, (7o) 4 J(A,Q), (70,1 — @) “3 c1—ay(AF?,Q), and € € (0,¢),

limsup Pr, (Tk, (v0) < (0,1 — ) < P(J(A,Q) < c(l,a>(AR2, Q) +¢). (D-9)

n—00
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Next consider the following derivation

P(J(A, Q) < ca—a)(A%%,Q) —e) +6/2 < liminf Pr, (Tk, (70) < ¢k (0,1 — a)) +6/2
< limsup Pr, (Tk, (70) < cff(fyo, 1—a))
< PJ(AQ) < caa)(A,Q) +¢)
< PJ(AQ) < ca-a)(A®,Q) ),

where the first inequality follows from (D-8), the second inequality follows from (D-4), the third inequality follows
from (D-9), and the fourth inequality follows from c(l_a)(Am, Q) < c(l_a)(ASS,Q) by Lemma C.9. We conclude
that

P(J(A, Q) < cama)(A%%,Q) + &) = P(J(A,Q) < c1-a)(A%,Q) =) > §/2 > 0.

Taking ¢ | 0 and using Assumption A.10, the LHS converges to zero, which is a contradiction. O

D.2 Proofs of theorems in Appendix C

Proof of Theorem C.1. Step 1. To simplify expressions, let A% = A,I?Fn (vn). Consider the following derivation,

TP () =, inf 8 (u0) + ina(0) + in2(0)' ' ViD3: 2 (0) B, [m(W,0)], €0 (6))
™
B (e,zl)rég\ﬁz § (U”(Q) + pn,1(0) + pn,2(0) 4, S (0)) ,
where #nlf) = (i@ in2(0), #na(®) = K:’lﬂ"(e% pn2(0) = {5;,;(9)0ij(9)}§:1, and U,(0) =

VD (0) (mn (0) — Er[m(W,0)]). Note that D7'2(6) and D;{f(@) are both diagonal matrices.

Step 2. We now show that there is a subsequence {an}n>1 of {n}n>1 st.  {(vi,, tan, Qan ) {Witi2} 4
(va, (0, 1), Q) in [°°(f) a.s. By part 8 in Lemma C.1, {v,|{Wi}i=;} 4 g in 1°°(6). Then the result would
follow from finding a subsequence {an}n>1 of {n}tn>1 st {(fan, Qan ) {Wi}2", 3 = ((0g,1%),Q) in 1°°(0) a.s.

Since (pn,$2n) is conditionally non-random, this is equivalent to finding a subsequence {a,}n>1 of {n},>1 s.t.
(tta, > Qa,) 3 ((0k, 1%),9) in 1°°(0). In turn, this follows from step 1, part 5 of Lemma C.1, and Lemma C.3.

Step 3. Since O1(Fp,yn) # 0, there is a sequence {0, € O(yn)}n>1 s.t. for by ; = n;l\/ﬁaﬁ?i’j(ﬁn)EFn [m; (W, 6,)],

limsup,,; =£; >0, forj <p, and lim |6, ,;|=2; =0, forj>p. (D-10)

n— oo n—o00
By compactness of (© x Rfioo], d), there is a subsequence {kn}n>1 of {an}n>1 5.t d((Ok,, %k, ), (9,€)) — 0 for some
(0,0) € © x RE X Ok_p. By step 2, lim(vk,, (Ok,, ), ptk,, (Ok,,), e, (0k,,)) = (v2(0), (0x, 1x),2(6)), and so

T (Vi) < S0, (O) + pri 1 (Oh,) + b 2(O0) s Ui (B,)) = S(vaa(8) +£,2(0)) (D-11)

where the convergence occurs because by the continuity of S(-) and the convergence of its argument. Since (va(f) +
£,Q(0)) € Rf+oo] x RF™P x W, we conclude that S(va(f) + £,Q(0)) is bounded.

Step 4. Let D denote the space of functions that map © onto R* x ¥ and let Dy be the space of uniformly
continuous functions that map © onto R* x W. Let the sequence of functionals {gy, }n>1 With g, : D — R given by

9u(v0) 1) Q0)) = | inf | S((0) + () + pa(6)£.20)) (D-12)

Let the functional g : Do — R be defined by

g(),n(),Q() = inf S((0)+ p(0) + pa2(0)'0, Q(0)) -
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We now show that if the sequence of (deterministic) functions {(vn(-), n(-), @n(-)) € D}n>1 satisfies

lim_ sup|(v(6). 2 (6), 2u(6)) = (v(0), (0k. 1), 2(8))| = 0. (D-13)

n—0 ge

for some (v(+),2(:)) € Do, then lim, o0 gn(Vn(+), tn(+), 2n(-)) = g(v(-), (Ok, 1), 2(:)). To prove this we show that
liminfy oo gn(Vn(+), n(+), 2n(:)) > g(v(-), (Ok, 1), Q2(:)). Showing the reverse inequality for the limsup is similar
and therefore omitted. Suppose not, i.e., suppose that 3§ > 0 and a subsequence {an }n>1 of {n},>1 s.t. Vn € N,

an (Vap (-); Han (1), Qa, () < g(v(), (Ok, 15), Q) — 0 . (D-14)
By definition, 3 {(0a,,,a, ) }n>1 that approximates the infimum in (D-12), i.e., ¥n € N, (0a,,, %o, ) € AF? and
|9an (Var () ftan (), Qa,, () = S(Vay, (Ba,) + 11 (0a,,) + p2(0a,,) Car s Qayy (0a,))] < 5/2 . (D-15)

Since Af? C © x Rﬁ:w] and (O x Rﬁ:w],d) is a compact metric space, there exists a subsequence {un }rn>1 of {an}n>1
and (6%,£") € © x Rfioo] st d((Bu,,lu,), (07,€9)) — 0. We first show that (6%,¢*) € A2, Suppose not, i.e.
(0%,¢*) ¢ A™?, and consider the following argument

(O L), (07, 0)) + A (AL A™) > d(0u,,£0,), (07,0 +  inf - d((0,0), (O, Cu)
(0,6)eAR2
2 inf d((ayé)7 (9*76*)) >0 ’

(6,0)€AR2

where the first inequality follows from the definition of Hausdorff distance and the fact that (6u,,flu,) € Afff ,
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
AR? € §(O x Rfioo]), i.e., it is a compact subset of (© X Rﬁoo],d), d((0,0),(6%,¢€%)) is a continuous real-valued
function, and Royden (1988, Theorem 7.18). Taking limits as n — oo and using that d((0u,,, fx,, ), (0%,£*)) — 0 and

H _
Aff = A®2 we reach a contradiction.

We now show that £* € Ry,
0; = 0o. Let J denote the set of indices j = 1,...,k s.t. this occurs. For any £ € ]Rf“ioo] define Z(¢) = max;es ||4;]]-
By definition of Aﬁj,pu", £y, € R* and thus, Z(£,, ) < co. By the case under consideration, lim Z(£,,,) = Z(¢£*) = occ.

Since (0, || - ||) is a compact metric space, d((0u,,, lu, ), (6*,¢")) — 0 implies that 6,, — 6*. Then,

0] X R*~P. Suppose not, i.e., suppose that 35 =1,...,k s.t. I =—oocor3dj>ps.t.

(Wun (Oun)s s, (B )5 Qi (B, ) = (v(67), (O, L), 2(67))
S (@ O ) s (O )5 Qi (O )) = (0(Ou ), (O 1) QO DI+ [[(0(Ou ), 2(Ous ) — (0(67), RO
< sup 1 (Var (0); thuup (6), Qur, (8)) — (v(6), (Ok, 1), QO + [[(v (B ), (6w, ) — (0(67), R(67))]] = 0,

where the last convergence holds by (D-13), 0,,, — 6%, and (v(-),Q(+)) € Do.

Since (v(-), (+)) € Do, the compactness of © implies that (v(0*),Q2(0") is bounded. Since limZ(¢,,,) = E(£*) = oo
and lim vy, (A, ) = v(8*) € R*, it then follows that lim Z(£y,,) ™ *||vu, (0, )|| = 0. By construction, {E(£y, )y, }n>1
is s.t. WM ZE(ly, )" [fu, ;] = 1 for some j < p or im Z(£y,,,) " |lu,, ;| = 1 for some j > p. By this, it follows that
{2(u,) " (up, (Oun) +Lur)s Quy (0w ) Ir>1 with lim Q,,, (0.,,) = Q%) € ¥ and lim Z(Lu,, )™ Va5 (Oun ) + lunj]— =1
for some j < p or lim E(hy, ) ™" |Vu, . (Ou,, ) + Lu,, ;| = 1 for some j > p. This implies that,

S(Vup (Oun) + lurs Ry (0ur)) = Bl S(E ()™ (0, (0u) + )y Qu (0u)) = 00 -
Since {(Ou,, s lu, ) }n>1 is a subsequence of {(8a,,,%a, ) }n>1 that approximately achieves the infimum in (D-12),
gn(vn(')vﬂn(')v Zn()) — 0. (D_16)

However, (D-16) violates step 3 and is therefore a contradiction.

We then know that d((0a,,,%a, ), (6%,¢%)) — 0 with £* € Rﬁ_m] x RF™P. By repeating previous arguments, we
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conclude that im(va,, (0w, ), ftun (Ou,, ), Qup (0u,)) = (0(07), (0k, 1), 2(6%)) € R¥xW. This implies that lim(va,, (0w, )+
I'Luna (oun) + I'I’U7u2(9“n) U717Qun (eun)) ( (9*) Z (0 )) (R[ioo] X \Il), i.e‘7 EIN (S N S.t. V’n Z N,

1S (W, (O ) + By 1 (Oua) + Hrua 2 (O ) Cosry s Qi (Bu,)) — S(0(07) + £7,Q(07))]] < 6/2 . (D-17)
By combining (D-15), (D-17), and the fact that (6*,£*) € AT it follows that IN € N's.t. ¥n > N,
Guun (Vun (), B (), Qi (1)) = S(0a(07) + £7,Q(07%)) — 6 = g(v(-), (0k, 1x), () — 6 ,

which is a contradiction to (D-14).

Step 5. The proof is completed by combining the representation in step 1, the convergence result in step 2, the
continuity result in step 4, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner,
1996, Theorem 1.11.1). In order to apply this result, it is important to notice that parts 1 and 5 in Lemma C.1 and
standard convergence results imply that (v(-),Q(-)) € Do a.s. O

Proof of Theorem C.2. Step 1. To simplify expressions let AZ? = AR2 7, (), ARl = AR} ', (7n), and consider the

following derivation,
min{T," (vn), Ta™* (n)}

—min{g inf  S(L(0) + " (kn VrDy 2 (0)mn (0)), 0,(6)), inf S(U;(e)+H;I\/ﬁﬁ;“?(e)mn(e),Qn(e))}

€l (vn) 0€00m)
- mm{ infy ot (4 SR O) & (n1(0) + pin.2(0) " Dt (O) (B, m(W, 6))), 2 (6)), }
e min{
(9,0

infoc(ya) S(VR(0) + f1n1(0) + pin,2(0) i Do} (0) v/ B, m(W, 0)), 20 (6))
inf  S(v5(0) + " (tn1(0) + pn2(0)'0), 0 (0)), inf  S(v(0) + pn1(0) + pin2(0)'Y, Qn(o))}
EARL (0,£)EAR2

whete fn(0) = (n1(0),11n2(0)), 11 (8) = i D (O)\/(n(6) — Erym(W,0)) = w7150(0), and pna(6) =
{U;;- (0)or,.;(0)}i_,. Note that we used that D_1/2(9) and D;,'/?(6) are both diagonal matrices.

Step 2. There is a subsequence {an }n>1 of {n}ns1 st. {(0, ; ftan, Qan ) {Wi e } =9 (va, (0k, 1x), Q) in 1°°(O)
a.s. This step is identical to Step 2 in the proof of Theorem C.1.

Step 3. Let D denote the space of bounded functions that map © onto R?* x ¥ and let Dy be the space of bounded
uniformly continuous functions that map © onto R?* x W. Let the sequence of functionals {gn }n>1, {gh }n>1, {92 fn>1
with g, : D = R, g1 : D — R, and g2 : D — R be defined by

min {gn (v(-), u(), (), gn (v (), u(-), () }
inf  S(v7(0) + " (1n,1(0) + pn,2(0)'0), (0))

(6,£)eART

it S(05(6) + i (6) + pn.2(6) €, 2(6)) -
(6,6)eAR2

gn(v(-), u(-), ("))
9111(1)(')7 M(')» Q())

gn(0(), 1(), ()

Let the functional g : Dy — R, ¢' : Do — R, and ¢? : Doy — R be defined by:

@
N
<
N
-
~
-
2
=
<
et
Il

min {g" (v(-), 1(), (), g* (v(-), (), () }
inf  S(va(8) + ¢ (11 (0) + p2(0)'€),Q(6))

(0,6)eAR1

o nf L S(a(0) + 1 (6) + na(6)'0.26))

Q
~
~

<
~
-
T E
~
-
2
=
<
=z

Il

9*(v(),u(-),2(-))
If the sequence of deterministic functions {(vn(+), tn (), 2n(*)) }n>1 with (vn(-), un(+), 2 (-)) € D for all n € N satisfies

lim Supll(’vn( ) b (0), 2 (0)) — (v2(0), (0%, 1x), 2(0))|] = 0,

n—o00 ge
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for some (v(-), (04, 1), 2()) € Do then limnsoe 195 (0 () 11n (), 2 () — g* (), (O, 1), AN = 0 for s = 1,2,
respectively. This follows from similar steps to those in the proof of Theorem C.1, step 4. By continuity of the

minimum function,

. [|gn (0n(-), pn(-); 2n () = g(v(-), (0k, 15), ()| = 0 .

n—o0

Step 4. By combining the representation of min{ﬂ?l (Yn), T2 (v,)} in step 1, the convergence results in steps 2
and 3, Theorem C.1, and the extended continuous mapping theorem (see, e.g., Theorem 1.11.1 of van der Vaart and
Wellner (1996)) we conclude that

{in{ T (), T () HHWF 1} i { (A, 9), (A", 9)} as,

where

JAFL )= inf  S(wa@) +£,Q0)= inf Sa(d (0, Q(0)) . D-18
(A, Q) (ejféAggl (va(0) + £,2(0)) 0. (va(0) + ¢ (£),2(0)) ( )

The result then follows by noticing that,

min{J(Aflﬁ),J(ARZ,Q)} - min{ inf  S(va() +£,Q(), inf S(vQ(G)-i—E,Q(O))}

(0,6)eAR1 (6,0)eAR2

S(va(d) +£,Q(0) = J(AME Q) .

inf
(0,6)eARTUAR2

This completes the proof. O

Proof of Theorem C.3. This proof is similar to that of Theorem C.1. For the sake of brevity, we only provide a sketch

that focuses on the main differences. From the definition of T,is (n), we can consider the following derivation,

SS — . SS — =SS $NSS
Ty, (yn) = 9651({,”) Qb,, (0) eggl(f%) S(Vbnmy, (0), %, (0))
= nf S 0) + VBDy!(0)(0ma(6) — Er, [m(W.0)]) + VB Dy (0)Er, [m(W.0)]. 055 6)
€0 (vn " "

inf __S(@5, (0) + pn(0) + 6,95, (9))
(0,0€A5S )
where 1, (0) = Vb Dy'/*(0) (1 (0) — Er, [m(W,0)]), 55°(0) is as in (C-3), and Q5%(0) = D' /*(0)S5°(0) Dy /%(6).
From here, we can repeat the arguments used in the proof of Theorem C.1. The main difference in the argument is

that the reference to parts 2 and 8 in Lemma C.1 need to be replaced by parts 10 and 9, respectively. O

Proof of Theorem C./. The proof of this theorem follows by combining arguments from the proof of Theorem C.1
with those from Bugni et al. (2013, Theorem 3.1). It is therefore omitted. O

D.3 Proofs of lemmas in Appendix C

We note that Lemmas C.2-C.5 correspond to Lemmas D3-D7 in Bugni et al. (2013) and so we do not include the

proofs of those lemmas in this paper.

Proof of Lemma C.1. The proof of parts 1-8 follow from similar arguments to those used in the proof of Bugni et al.
(2013, Theorem D.2). Therefore, we now focus on the proof of parts 9-10.

Part 9. By the argument used to prove Bugni et al. (2013, Theorem D.2 (part 1)), M(F) = {D;l/Q(G)m(~,9) :
W — R*} is Donsker and pre-Gaussian, both uniformly in F' € P. Thus, we can extend the arguments in the
proof of van der Vaart and Wellner (1996, Theorem 3.6.13 and Example 3.6.14) to hold under a drifting sequence of
distributions {Fy, }»>1 along the lines of van der Vaart and Wellner (1996, Section 2.8.3). From this, it follows that:

{\/%@ff(@’{wi}?ﬂ} 4 va(0) ini®(©) as. (D-19)
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To conclude the proof, note that,

sup
6€o

n ~SS ~SS ~SS bn/n
—_— 0) — )| = 0 — .
O = )| = s I O
In order to complete the proof, it suffices to show that the RHS of the previous equation is 0p(1) a.s. In turn, this
follows from by, /n = o(1) and (D-19) as they imply that {supyce |75 ()|[[{Wili=1} = Op(1) ass.

Part 10. This result follows from considering the subsampling analogue of the arguments used to prove Bugni
et al. (2013, Theorem D.2 (part 2)). O

Proof of Lemma C.6. Part 1. Suppose not, that is, suppose that supgcg S(z, ) = oo for € (—o0,00]? x RFP,
By definition, there exists a sequence {Q,, € U},>1 s.t. S(z,Q,) — co. By the compactness of U, there exists a
subsequence {k; }n>1 of {n}n>1 s.t. Qx, — Q* € ¥. By continuity of S on (—o0, 00]? x R¥"P x W it then follows that
lim S(z, Qx, ) = S(z, Q") = oo for (z,Q*) € (—o0, 00]? x R¥~P x W, which is a contradiction to S : (—oo, co]? x RF7P —
Ry.

Part 2. Suppose not, that is, suppose that supgcq S(x, ) = B < oo for z ¢ (—o0, 0o]? xRF~P. By definition, there
exists a sequence {0, € U},>1 s.t. S(z,0,) — co. By the compactness of ¥, there exists a subsequence {ky }n>1 of
{n}n>1 s.t. Q, — QF € . By continuity of S on Rﬁoo] x WU it then follows that lim S(z, Q,,) = S(z,Q*) = B < o0
for (z,Q") € Rﬁoo] xW. Let J € {1,...k} be set of coordinates s.t. z; = —oo for j < por |z;| = oo for j > p . By the
case under consideration, there is at least one such coordinate. Define M = max{max, g j<p[2;]—, max;jgsi>p |T;]} <
oo. For any C' > M, let 2'(C) be defined as follows. For j & J, set (C) = z; and for j € J, set 25(C) as follows
z3(C) = —C for j < p and |z}(C)| = C for j > p . By definition, limc— #'(C') = z and by continuity properties
of the function S, limc_,c S(z'(C), 2*) = S(x,Q*) = B < co. By homogeneity properties of the function S and by
Lemma C.4, we have that

S(z'(C), Q") = CxXS(C 1 (C), Q") > C*  inf  S(z,Q) >0,
(z,Q)€EAXT

where A is the set in Lemma C.4. Taking C — oo the RHS diverges to infinity, producing a contradiction. O

Proof of Lemma C.7. The result follows from similar steps to those in Bugni et al. (2013, Lemma D.10) and is
therefore omitted. O

Proof of Lemma C.8. Let (8,£) € A® with £ € R?___, x RF7P. Then, there is a subsequence {as}n>1 of {n}n>1

[+°°]
and a sequence {(0n,£€,)}n>1 such that 6, € O(y,), €, = mnlfD_l/Q( 0.)Er, [m(W, 6,)], limy,—e0 a, = ¢, and
limy, 00 Ba,, = 0. Also, by Qp, = Q we get Qr, (0,) — Q(6). By continuity of S(-) at (¢,(6)) with £ € Rﬂoo] xRF~P,
Karkan?Qr,, (0a,) = S(Kap Va0, ;(0a,)Er,, [m;(W,6a,)], Qr,, (0a,)) = S Q(6)) < oo . (D-20)
Hence Qr,, (0a,) = O(k%, an"X/?). By this and Assumption A.7(a), it follows that
O(r%,an™%) = ' Qry, (0a) > mings,  inf |00, =0 = [0, — 0u, | < Olkay /v/an) , (D-21)

€01 (Fay, »Yap)

for some sequence {0a, € Or(Fa,,%Va,)}n>1. By the convexity of ©(v,) and Assumption A.7(c), the intermediate

value theorem implies that there is a sequence {6}, € O(yn)}n>1 with 6}, in the line between 6,, and 0,, such that

ki VD52 (0,) Er, [Im(W, 0,)] = G, (63) k0 N0 — 00) + k7 /aD R ? (0n) Er, [m(W, 0,)] -

Define 0,, = (1 — k;; )0, + Ky, 10, or, equivalently, 6,, — 0,, = r;* (0, — 0,,). We can write the above equation as

Gr (O0)V(0 = 0n) = K VD (00) Er, [m(W, 60)] = k' vnDyp " (60) Er, [m(W, 6,)] - (D-22)
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By convexity of O(v,) and k' — 0, {0,, € O(ym)}n>1 and by (D-21), \/an||fa, — 0a, || = O(1). By the intermediate
value theorem again, there is a sequence {65 € ©(y,)}n>1 with 5* in the line between 6,, and 6,, such that
VD2 (00) Er, [m(W, 00)) = G, (077 )Vn(0n — 0n) + VD2 (00) Er, [m(W, 6,)]
= Gr (0)V10n = 0n) + /D (0n) B, [m(W, 0n)] + €1n (D-23)

where the second equality holds by €1, = (Gr, (05*) — Gr, (65))v/1(05 — 0,,). Combining (D-22) with (D-23) we get
VD2 (00) Er, [m(W,0,)] = £ V0D ? (0) Er, [m(W, 00)] + €10 + €20 (D-24)

where €2, = (1 — ky ' )v/nDy"?(0,) Er, [m(W, 0,)]. From {fa, € O1(Fa,.Ya,)}n>1 and k' — 0, it follows that
€2,a,,5 > 0 for j < pand ez, ; = 0for j > p. Moreover, Assumption A.7(c) implies that ||Gr, (05)—GrF,, (03,)| =
o(1) for any sequence {Fu, € Po}n>1 whenever ||0; —6;"|| =o(1). Using Van||0a,, — 0a,, || = O(1), we have

llevan |l < 11Gra,, (637) = G, (02,)|1Van]l0a,, —ba, || = o(1) . (D-25)

Finally, since (Rfioo],d) is compact, there is a further subsequence {un}n>1 of {an}n>1 s.t.
\/unD7 (6 un)EFu [m(W,6,,)] and Ii;;\/unD;j/2(9un)EFun [m(W, 0y,,)] converge. Then, from (D-24), (D-25),

and the propertles of €2,4,, we conclude that

lim fy, ;= m unog) (0u,)Er,, [mi(W,0u,)] > lm kg unor, (0u,)Er,, m;(W,0.,)],  forj<p,

lim /,, ; = lim \/unaFu ( 2)ER,, [m;(W, 0,,)] = lim &, \/unapu (0w, )ER,, [mj(W,0,,)], forj>p,
n— 0o n—oo n—00
which completes the proof, as {(0u,, ,lu,) € Auy Fo,, (Yun ) In>1 and 0., — 6. O

Proof of Lemma C.9. We divide the proof into four steps.

Step 1. We show that inf(y ocpss S(va(f) + £,Q(0)) < oo a.s. By Assumption A.9, there exists a sequence
{6n € ©1(Fn,v)}n>1, where di (©(7n), ©(10)) = O(n~'/2). Then, there exists another sequence {6, € ©(70)}n>1

s.t. /1|0 — 6,|| = O(1) for all n € N. Since © is compact, there is a subsequence {kx }n>1 st VEn (O, — Or,) —
A€ R¥, and 0y, — 0" and i, — 0" for some 6* € ©. For any n € N, let £, ; = ‘/banFk k) By, [my (W, 0,,)]

for j =1,...,k, and note that
i = k0, 5Ok, Ery, Imy (W, Ok,)] + Ak, (D-26)

by the intermediate value theorem, where ékn lies between 6,, and ékn for all n € N, and

Vb ~ \/b ~
B = 272 (Gryy 5 On) = Gy 3 OV En O = O0,) + 2 22 G5 07V b O = O

Letting Ay, = {Ag,,; 151, it follows that

V bkn 2 * o V bkn * o
1Ak, [| < Tk—IIGFkn Ok, ) =Gy, (0] X[V kn Ok, — Ok, )| +]] N Grp, O %[[VEn Ok, =0k, )| = o(1) , (D-27)

where by /n = 0, Vkn 0k, — Or,) = A, /bk, G, (07)/VEn = 0(1), Ok, — 0%, and |G, (0k,) — Gr,, (07)]| = o(1)
for any sequence {F}, € Po}n>1 by Assumption A.7(c). Thus, for all j < k,

lim £, ; = hm v bk, aFk ,] (O, )Epk [m; (W, 0k,)] = £ = hm bk, aFk (Gk Epkn [m; (W, 6k,,)] -

n—oo

Since {9 € O1(Fn,Yn)}In>1, £ > 0 for j < pand £ =0 for j > p. Let £* = {(* 5—1. By definition, {(6k,,, %k, ) €
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A;)S";S; £y, (0) =1 and d((Ok,, , L, ), (07, €7)) — 0, which implies that (6”,£%) € A®%. From here, we conclude that

inf S(va(0) +£,Q(0)) < S(va(0”) +£7,2(0%)) < S(va(0”),Q(0%)) ,
(0,£)eASS
where the first inequality follows from (6%, £*) € A, the second inequality follows from the fact that £; >0forj <p

and £; = 0 for j > p and the properties of S(-). Finally, the RHS is bounded as vq(#*) is bounded a.s.
Step 2. We show that if (6,£) € A®° with £ € R[eroo] x RF=P [ 3(0,0%) € A™* where £; > 7; for j < p and £ = {;

for j > p. As an intermediate step, we use the limit sets under the sequence {(vn, Fy)}n>1, denoted by A5% and A%?

in the statement of the lemma.

We first show that (6,) € A3°. Since AJS. (70) L ASS. there exist a subsequence {(ﬁkn,ﬂk ) €
Abszi,,Fkn (70)}n>1, Ok, — 0, and £y, = \/7D_1/2 (0x,.)Er,, [m(W,0k,)] — £. To show that (6,f) € A5,
now find a subsequence {(6}, , 4, ) € Abskankn () }n>1, O, — 6, and b, = MD;;:2 (Q;H)E’Fkn [m(W, 6y, )] — L.
Notice that {(6k,,,%k,) € Afkika,,L (Y0)}n>1 implies that {0k, € ©(70)}n>1. This and du(0(vn),O(70)) = O(n~/?)
implies that there is {0}, € ©(Vk, )} n>1 s.t. Vkn||0k, —0k, || = O(1) which implies that 6, — 6. By the intermediate

value theorem there exists a sequence {0;, € O},>1 with 6}, in the line between 0,, and 0., such that

o = Vb, Dg?(0h,) Bry, Im(W,63,)] = /b, D* (0r,) Ery, [m(W, 61,)] + bk, G, (6F,) (65, — O,
= f}cn —+ Akn — Z,

where we have defined Ay, = \/bx,Gr, (0%,)(0k, — Ok,) and Ay, = o(1) holds by similar arguments to those in
(D-27). This proves (0, £) € A55.

We now show that 3(,£*) € A%? where > ?; for j < pand = 2; for j > p. Using similar arguments to those
in (D-20) and (D-21) in the proof of Lemma C.8, we have that Qr,  (0},) = O(by X/Q) and that there is a sequence

{00 € O1(Fr,n)tnz1 st /bi, |07, — Ok, || = O(1).

Following similar steps to those leading to (D-22) in the proof of Lemma C.8, it follows that
K VGE, (03)(0n = 00) = Vou D" (00) Er, [m(W, 0,)] = Vou D5 (0) B, [m(W, 6,)] (D-28)

where {0}, € ©(7n)}n>1 lies in the line between 6, and ,,, and 6, = (1 — kn/bn/1)0n + Kn+/bn/nb,,. By Assumption
A8, 0, is a convex combination of 6, and 0/, for n sufficiently large. Note also that \/@”ékn — 01, || = o(1). By
doing yet another intermediate value theorem expansion, there is a sequence {0;* € O(v,)}n>1 with 65 in the line
between én and én such that

K VD! (0n) Br, [m(W, 0,)] = k3 V/nGr, (057) (0n — 6n) + £, VaD 2 (02) Er, [m(W,6,)] . (D-29)
Since /b, ||0F, — Or, || = ) and +/bx,, |0k, — *|l = o(1), it follows that \/bg, ||0; — 07" || = O(1). Next,
nglx/ﬁD;j/Q(én)EFn[m<W, 0.)] = k0 " VnGE, (03) (0 — 0n) + 5, VDR (00) Er, Im(W, 0,)] + Ay
= Vb D! (00) B, [m(W, 0)] + Ant + Ana (D-30)

where the first equality follows from (D-29) and A, 1 = ki, '/n(Gr, (05°) — Gr, (05)) (0, — 0,,) , and the second holds
by (D-28) and A, 2 = x;,'v/n(1 — kny/bn/n)D ;73/2(5 YEr, [m(W,0,)]. By similar arguments to those in the proof
of Lemma C.8, ||A, 1]| = o(1). In addition, Assumption A.8 and {f, € ©1(Fn,¥n)}n>1 imply that A, o, > 0 for
j < p and n sufficiently large, and that A, 2 ; =0 for j > p and all n > 1.

Now define ¢, = K,:j v knD;kl/Q(ékn)Epn [m(W,0,)] so that by compactness of (Rﬁ:o@],d) there is a further
subsequence {un}n>1 of {kn}tn>1 s.t. £ = /@'Jix/unD;i/Q(éun)Epun [m(W,0,,)] and A, 1 converges. We define
0" =limp—oo £y, . By (D-30) and properties of A, 1 and A, 2, we conclude that
lim ¢, ;= lim k), w/unapu j(é ER, [m; (W, 0.,)] > hm Vb unaFu"J wn VEF, mj(W,0,, )] =1{;, for j <p,

n— oo n—oo
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lim 07,5 = lim kg unop, (0u,)Er,, m;(W,0u,)] = lim bu,05, (0,)Er,, [m;(W,6,,)] =1, for j >p,

n— oo

Thus, {(éumﬂjn) € AfiF“n (Yn)}n>1, Ou, — 0, and ¢ — €* where ¢; > (; for j < p and £; = £; for j > p, and
(0,07) € A2

We conclude the step by showing that (9,£*) € Af?. To this end, find a subsequence {(0], .l ) €
A2 o (W) knz1, 0L, — 0, and €L, = kil \un Dy ?(08)Er,, [m(W,05,)] — €. Notice that {(0u,,?,) €
Afff’Fu" (Yn)}n>1 implies that {fu, € O(Yu, )}tn>1. This and dir(©(7n),0(70)) = O(n~Y?) implies that there is
{0l € O(70)}n>1 st /un||fu, — 65, || = O(1) which implies that 6], — 8. By the intermediate value theorem
there exists a sequence {0** € ©},,>; with 6 in the line between 6,, and 6], such that

O = Dyl 208, Er,, [m(W,60L,)] = ki /un D2 (6),) Er,,, [m(W, 05, )] + k0 Vun G, (0527) (0L, = 6u,,)
= Ly + A, o0,

where we have define Ay, = k! \unGr,, (057°)(0), — 0., ) and A,, = o(1) holds by similar arguments to those

used before. By definition, this proves that (8, ¢*) € A2

Step 3. We show that inf g ) crss S(va(0)+£,Q(0)) > inf g ) cnr2 S(va(0)+L, Q(0)) a.s. Since vq is a tight stochas-
tic process, there is a subset of the sample space W, denoted A1, s.t. P(A1) = 1and Vw € Ay, supycg ||[va(w,d)|| < oco.
By step 1, there is a subset of W, denoted As, s.t. P(A2) =1 and Yw € A,

inf  S(vg(w,0)+£,2(0)) < co .
(6,6)€ASS

Define A = A; N A, and note that P(A) = 1. In order to complete the proof, it then suffices to show that Vw € A,

. - | ]
o0 S(ua(w,0) +6.0(0) > inf | S(va(w,6) +6,0(0)) (D-31)

Fix w € A arbitrarily and suppose that (D-31) does not occur, i.e.,

A= inf Svo(w,0)+£,Q20))— inf Sva(w,0)+£,2(0))>0. (D-32)
(0,£)eAR2 (0,6)eASS

By definition of infimum, 3(9,7) € A®% s.t. inf(y ) cpss S(va(w,0) +£,Q(0) + A/2 > S(va(w,0) + £,9(6)), and so,
from this and (D-32) it follows that

S(va(w,0) +£,200) < inf S(va(w,8) +£,Q(0)) —A/2. (D-33)
(0,6)cAR2
We now show that £ € Rﬁm] xR*~P. Suppose not, i.e., suppose that £; = —oo for some j < p and |{;| = oo for some

j > p. Since w € A C A1, |Jva(w,8)|| < co. By part 2 of Lemma C.6 it then follows that S(ve(w,8) + £, Q(0)) = .
By (D-33), inf g ¢)enss S(va(w,0) + £,Q(0)) = oo, which is a contradiction to w € As.
Since ¢ € Rf_‘_m] x RF~P_ step 2 implies that 3(0,¢*) € A" where ¢ > ¢; for j < p and £ = {; for j > p. By
properties of S(-),
S(valw,8) + €, 20) < S(va(w,8) + T, 90) (D-34)
Combining (D-32), (D-33), (D-34), and (8, £*) € A®? we reach the following contradiction,

0<A/2<  inf  S(va(w,8) +£,9Q(0)) — S(valw, ) + F,Q(6))
(0,£)eARR2

< inf Q(0)) — 0) +£*,9Q(0)) <0 .
_(G,EI)IéARQS(UQ(w,e)—i_E’ (0)) — S(va(w,0) +£°,Q(6)) <0

Step 4. Suppose the conclusion of the lemma is not true. This is, suppose that c(l_a)(ARQ, Q) > c(l_a)(ASS, Q).
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Consider the following derivation

a < P(J(A®?,Q) > ca_a)(A%%,Q))
P(J(A®,9) > ca-a)(A%,Q)) + P(J(A™,Q) > J(A®®,Q)) = 1 = P(J(A®®,Q) < cq_a) (A, Q) <

where the first strict inequality holds by definition of quantile and c(l,a)(ARQ, Q) > c(l,a)(ASS, Q), the last equality

holds by step 3, and all other relationships are elementary. Since the result is contradictory, the proof is complete. [

Proof of Lemma C.10. By Theorem 3.2, liminf(EFr, [65?(v0)] — Er, [#5°(70)]) > 0. Suppose that the desired result

is not true. Then, there is a further subsequence {uy, }n>1 of {n}n>1 s.t.

lim Er,, [¢4: (y0)] = lim B, , [62)) ()] - (D-35)

This sequence {un }n>1 will be referenced from here on. We divide the remainder of the proof into steps.

Step 1. Asymptotic distribution of 7:;°(v0). We show that there is subsequence {an }n>1 of {un}tn>1 s.t.
(T35 (o) {Wi}im b 5 S(va(07) + (9, 0k-p), 2(07)), as. (D-36)
Conditionally on {W;}7-;, Assumption A.11(c) implies that
T7%(10) = S(Von D, (02°)mi,) (02%), 057 (07%)) + 0p(1), as. (D-37)
Then, (D-36) would follow from (D-37) provided that there is a subsequence {an}n>1 of {un}n>1 s.t.
{S(Vba, Dy, 2 (027 ymiss, (627), 02 (020)H{Wii } 5 S(va(87) + (g, 00—), 2(87)), aus.

This follows, by the maintained assumptions, from finding a subsequence {an }n>1 of {un}n>1 s.t.

{55035 {Widiz, } B Q(07), as. (D-38)
{Vban D 2020055 Wi diz } = va(07) + (9, 0k-p), as. (D-39)

To show (D-38), note that

19227(0:7) — (67| < Sup 12:7(6,6) — (6, 0)|| + 12(6.%) — (67| -

The RHS is a sum of two terms. Lemma C.1 (part 5) implies that the first term is conditionally o,(1) a.s. By
Q € C(©?), and that, conditionally, 655 & 6* a.s., the second term is conditionally 0,(1) a.s. This implies that
(D-38) holds for the original sequence {n},>1 and thus it also holds for its subsequence {an }n>1.

To show (D-39), note that
VoD 073y (02%) = 53°(07) + (9, 0k—p) + fim1 + in.2

where

(B (05°) = 552 (07)) + (Vo D 2(07°) B, [m(W, 05°)] = Von Dy (05°) B, [m(W, 6,°)])
+<ﬁD;j/2(e§S>EFn [m(W,0,%)] — (9,01—p))

fna = 0n(059)\/bn/n .

HMn,1

Lemma C.1 (part 9) implies that {5 (6%)[{Wi}i1 } 4 vo(0*) a.s. The proof is then completed by showing that

{pan  {WitiZ} = 0p(1), as. (D-40)
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{Man 2{Witi2} = o0p(1), as. (D-41)

By Assumption A.11(c), (D-40) follows from showing that {75 (%) — 555 (65%){Wi}i_1} = 0p(1) a.s., which we

now show. Fix p > 0 arbitrarily, we need to show that
lim sup Pr, (|[5,°(6%) — 5,° (02°)|| > e {Wi}iny) < p aus. (D-42)
Fix § > 0 arbitrarily. As a preliminary step, we first show that
lim Pr, (pr, (60%,05°) > 6|{Wi}l~1) =0 as. , (D-43)
where pr, is the intrinsic variance semimetric in (A-1). Then, for any j = 1,...,k,
Ve, (05 5(07°)m; (W, 07°) — oy (0" )my(W,67)) = 2(1 — Qg (687,077 5.51) -
By (A-1), this implies that
Pr, (pr, (0,67°) > S{W:}iy) < Zj:1 Pr, (1= Qr, (67,07%) ;) > %27 'k~ [{Wi}iy) - (D-44)
Fix j = 1,...,k arbitrarily and note that

Pr, (1= Qp, (0%,05°) 55 > 627 k™ {Wi )

IN

Pr, (1= Q(07,0;77) ;.5 > 6°27 k7 {Witi1) + o(1)
Pr, (16" = 6;°]] > {Wi}i=1) + o(1) = 0a.s.(1)

IA

where we have used that Qr, — Q and so sup, g/ce [[Q0,0');.5 — Qr, (0,0") .5/ < 6°272k~" for all sufficiently
large n, that Q € C(©?%) and so 35 > 0 s.t. ||0* — 655|| < & implies that 1 — Q(G*,éfs)“,j] < §%272k7!, and that
{0551{wWi} 1} B 0* a.s. Combining this with (D-44), (D-43) follows.

Lemma C.1 (part 1) implies that {#5°(-)|{W;}7=,} is asymptotically pr-equicontinuous uniformly in F € P (a.s.)
in the sense of van der Vaart and Wellner (1996, page 169). Then, 36 > 0 s.t.

limsup Py ( sup  |[05°(0) — 05°(8))|| > e {Wi}iy) < p as. (D-45)

n—oo Py (8,0)<5

Based on this choice, consider the following argument:
Pr, ([1825(07) — 5% (027)]] > e {Wi}iza) < P, ( P s 1825(0%) = 5% (Bn) || > el{Wi}it)
pF, (6,

+ Pp, (pr, (07, 0n) = S{Wi}io) -

From this, (D-43), and (D-45), (D-42) follows. To conclude this step, it suffices to show (D-41). By Lemma C.1 (part

7), Supgee ||n(0)||\/bn/n 2 0, and by taking a further subsequence {an }n>1 of {n}n>1, Supgee ||an (0)|| v/ Dan /an =5
0. Since @, (-) is conditionally non-stochastic, {supyce ||¥an (0)||\/Dan /an[{Wi}i",} = 0 a.s. From this, (D-41) follows.

Step 2. Analyze the asymptotic distribution of ¢5° (70,1 — ). For arbitrary € > 0 and for the subsequence
{an}tn>1 of {ttn}n>1 in step 1 we want show that

lim Pr,, (|55 (70,1 — @) = e (9. 267)| S &) =1, (D-46)

where c(1-q)(g,Q(8")) denotes the (1 — a)-quantile of S(va(0*) + (9,0k—p),2(0")). We now show that
C(1-a)(g,2(07)) > 0. If k > p, it follows from our maintained assumptions. If k = p, Assumption A.11(b.iie)

implies co > —\; > h; for some j < p, which implies g; < 0. By our maintained assumptions, the result then follows.

Fix £ € (0, min{e, ¢(1-a)(g, 2(67))}). By our maintained assumptions, c(1—q)(g, 2(8*))—& and c(1_q) (g, Q(07)) +&
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are continuity points of the CDF of S(vq(0*) + (g,0k—p), 2(0)). Then,
lim Pr,  (Ta? (70) < ¢(1—a)(9, 207) +E{Wi}{2,) = P(S(va(67) + (9, 0k—p), 207)) < c(1—ay(9,2(67)) +€) > 1—a, (D-47)
where the equality holds a.s. by part 1, and the strict inequality holds by € > 0. By a similar argument,

lim Pr, (T3 (0) < ¢(1-a)(9: 2(0%)) — E{Wi}{_y) = P(S(va(87) + (9,08 —p), 2(0%)) < c(1-a) (9, 20%)) —&) <1 - a.s.
(D-48)
Next, notice that

{lim Pr,, (T2 (70) < c(1-ay (g, 2(07)), U0"))+e{Wi}izy) > 1—a} € {liminf{cz? (Y0, 1—a) < c(1-a)(9, 20"))+€}}
with the same result holding with —¢ replacing +&. By combining this result with (D-47) and (D-48), we get
{liminf{|cS5 (10,1 — @) = c(1ay (9, AOD| < 1} .

From this result, & < ¢, and Fatou’s Lemma, (D-46) follows.

Step 3. Analyze the asymptotic distribution of ¢%?(y0,1 — a). For any 6 € O(yo), define T.F2(9) = S(v () +

k' /mD; (0)mn (0),Q2,(0)) and let 72(0,1 — o) denote the conditional (1 — a)-quantile of T;¥2(#). By definition,
TE(v0) = infpeo(ve) TH2(0) and so cF?(y0,1 — a) < &i2(855,1 — a).

Fix € > 0 arbitrarily. By arguments similar to steps 1 and 2, we deduce that there is subsequence {kn}n>1 of
{an}n>1 s.t. lim Pp, (|Eﬁf(ésf,1 —a) — ¢(1—a)(m, Q(6%))| <€) = 1. This implies that

lim Pr,, (¢(1—a)(m,Q(0%)) +€ > a2 (y,1—a))=1. (D-49)
Furthermore, by Assumption A.11(d) and the first part of step 2, we can conclude that
0 < cl1ma (M, Q07)) < ca—a (9, ")) - (D-50)
Step 4. By using an argument analogous to that used in step 1 we deduce that
Te (70) < S(v(6") + (h, 04—p), A8")) - (D-51)

Fix e € (0, min{c@—a)(g,2(0)), (ca—a) (g, 2(0")) — c(1—a)(m, 2(67)))/2} (possible by (D-50)). By using elemen-
tary arguments, we conclude that

P, (Tk, (70) < il (70,1 — @) < P, (Th, (70) < c(1-ay(9, 20%)) +€) + P, (Icis (0,1 — @) — ci—ay (9, 20%))| > €) |

Taking limits and using (D-46), (D-51), and that the CDF of S(vq(6*) + (h,0xr—p),2(67)) is continuous on positive
values, it follows that

limsup P, (Th, (v0) < 25 (70,1 — @) < P(S(a(6") + (h, 04—p), 2(6%)) < caa)(g: 267) +2) . (D-52)
By a completely analogous argument, we conclude that
liminf Pr,, (Tk, (y0) < cks (30,1 = @)) = P(S(0a(0) + (7, 05—p), 207)) < -y (9: A07)) —¢) - (D-53)

Since (D-52) and (D-53) are valid for all sufficiently small € > 0 and the CDF of S(va(0*) + (h,0k—p), Q2(0")) is

continuous on positive values,
lim Er,, [655 (70)] = P(S(0a(07) + (h, 0—p), 2(67)) > c(1-a) (g, 207))) - (D-54)

We can now repeat the same arguments used to deduce (D-54) for Test SS in order to deduce an analogous result for

Test R2. The main difference is that for Test R2 we do not have a characterization of the minimizer, which is not
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problematic as we can simply bound the asymptotic rejection rate. This is,
lim Er,, [¢r, (70)] = P(S(v(87) + (7, 0r—p), 2(07)) > c1—a) (1, 2(67))) - (D-55)
By our maintained assumptions and (D-50), (D-54), and (D-55), we conclude that

lim Br,, [ (0)] = P(S(a(8") + (h,0k-p),2(87)) > c(1-a)(m, 2(67)))

> P(S(wa(07) + (h,0k—p), 2(6")) > c1-a)(g, (07))) = lim Er, [¢7, (0)] -

Since {kn}n>1 is a subsequence of {un }n>1, this is a contradiction to (D-35) and concludes the proof. O
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